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>  20.  ABSTRACT 

-'In  the  acoustic  well  logging  problem  an  acoustic  source  and  an 
array  of  receivers  are  placed  in  a  borehole  for  the  purpose  of 
resolving  the  acoustic  properties  of  the  surrounding  formation. 

In  the  existing  approach  to  this  problem,  a  received  array  is 
placed  at  a  large  offset  from  the  source  and  energy  refracted  by 
the  formation  is  analyzed.  Here,  a  short-offset  array  is  used  to 
analyze  energy  reflected  by  the  formation, 

'The  formation  is  modeled  as  cylindrically  stratified  and  the 
concepts  and  properties  of  the  monochromatic  cylindrical  wave  and 
the  cylindrical  wave  reflection  coefficient  are  developed,  The 
reflection  coefficient  carries  information  pertaining  to  the 
radial  structure  of  the  formation  and  is  of  fundamental  interest. 

A  separate  problem  is  the  interpretation,  or  inversion,  of  the 
reflection  coefficient  in  terms  of  the  radial  structure. 

The  reflection  coefficient  as  a  function  of  frequency,  but  at 
a  single  axial  wavenumber,  is  estimated  from  the  reflected 
component  of  the  total  field  on  the  axis  of  the  borehole.  The 
signal  processing  problem  is  one  of  dereverberation  and  a 
maximum  likelihood  (ML)  estimation  criterion  is  used.  The  ML 
estimation  problem  is  nonlinear  and  an  iterative  method  is 
applied.  The  method  is  guaranteed  to  increase  the  log  likelihood 
function  with  each  iterative  pass  and,  within  a  given  iteration, 
only  linear  processing  is  required.  / 

-  A  rapid  method  for  generating  arrays  of  synthetic  acoustic 
logging  data  ks  developed  and  the  data  is  used  to  test  and  evaluate 
the  iterativ^ML)  dereverberation  scheme.  The  reflection  coeffi¬ 
cient  estimates  are  found  to  be  accurate  within  the  passband  of 
the  source  pulse  except  at  those  frequencies  which  excite  modes. 
The  estimation  performance  is  sensitive  to  the  array  design  and 
to  the  signal-to-noise  ratio.. 
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ABSTRACT 


la  the  acoustic  well  logging  problem  an  acoustic  source  and  an  array  of  receivers  are 
placed  in  a  borehole  for  the  purpose  of  resolving  the  acoustic  properties  of  the  surrounding 
formation.  In  the  existing  approach  to  this  problem,  a  receiver  array  is  placed  at  a  large  offset 
from  the  source  and  energy  rtfracud  by  the  formation  is  analyzed.  Here,  a  short-offset  array  is 
used  to  analyze  energy  reflected  by  the  formation. 

The  formation  is  modeled  as  cylindrically  stratified  and  the  concepts  and  properties  of  the 
monochromatic  cylindrical  wave  and  the  cylindrical  wave  reflection  coefficient  are  developed. 
The  reflection  coefficient  carries  information  pertaining  to  the  radial  structure  of  the  formation 
and  is  of  fundamental  interest.  A  separate  problem  is  the  interpretation,  or  inversion,  of  the 
reflection  coefficient  in  terms  at  the  radial  structure. 

The  reflection  coefficient  as  a  function  of  frequency,  but  at  a  single  axial  wavenumber,  is 
estimated  from  the  reflected  component  of  the  total  field  on  the  axis  of  the  borehole.  The  signal 
processing  problem  is  one  of  dereverberation  and  a  maximum  likelihood  (ML)  estimation 
criterion  is  used.  The  ML  estimation  problem  is  nonlinear  and  an  iterative  method  is  applied. 
The  method  is  guaranteed  to  increase  the  log  likelihood  function  with  each  iterative  pass  and, 
within  a  given  iteration,  only  linear  processing  is  required. 

A  rapid  method  for  generating  arrays  of  synthetic  acoustic  logging  data  is  developed  and 
the  data  is  used  to  test  and  evaluate  the  iterative  ML  dereverberation  scheme.  The  reflection 
coefficient  estimates  are  found  to  be  accurate  within  the  passband  of  the  source  pulse  except  at 
those  frequencies  which  excite  modes.  The  estimation  performance  is  sensitive  to  the  array 
design  and  to  the  signai-to-aoise  ratio. 
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LI  CyUadiieallx  Stndltd  Media 

This  thesis  is  concerned  with  wave  propagation  in  cylindrical^  stratified  (cyiindricaily 
layered)  media.  By  "cyiindricaily  stratified*  we  mean  that  there  is  no  variation  in  the  medium  in 
either  the  angniar  or  axial  dimensions  of  a  cylindrical  coordinate  system,  but  there  is  variation 
radially. 


Our  interest  in  cyiindricaily  layered  media  arises  out  of  the  acoustic  well  logging 
application.  Here,  ao  acoustic  source  and  an  array  of  receivers  are  lowered  into  a  borehole  for 
the  purpose  of  resolving,  or  imaging,  the  acoustic  properties  of  the  surrounding  formation.  Prom 
a  perspective  on  the  axis  of  the  borehole,  at  acoustic  frequencies,  the  earth’s  structure  can  often 
be  accurately  modeled  as  varying  only  in  the  radial  dimension.  The  radial  variation  which  is 
present  in  the  formation  is  entirely  a  by-product  of  the  drilling  operation.  Besides  the  cylindrical 
hole  itself,  the  drilling  contaminates  the  virgin  formation  in  the  vicinity  of  the  hole.  The 
mechanical,  chemical,  electrical  and  auciear  properties  are  ail  altered  as  a  result  of  drilling. 
Thus,  we  imagine  the  borehole/formatioo  wall  as  a  strong  reflecting  Interface  behind  which  is  a 
relatively  weakly  varying  structure  which  tapers  off  to  its  virgin  state  a  short  distance  from  the 
hole. 


Relative  to  wave  propagation  in  planar  layered  media  (i.e.  media  which  varies  axially,  but 
not  angularly  or  radially),  wave  propagation  in  cyiindricaily  layered  media  has  received  little 
attention  in  the  literature.  However,  planar  and  cyiindricaily  layered  geometries  are  coordinate 
system  analogs  of  ooe  another  so  that  we  might  expet  many  of  the  coocepts  and  methods  which 
have  been  useful  in  the  planar  case  to  transfer  to  the  cylindrical  case,  and  vice  versa.  The 
recognition  and  exploitation  of  the  analogies  between  the  planar  and  cylindrical  layered  media 
problems  is  a  central  theme  in  this  thesis. 
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Surface  exploration  seismology  is  the  primary  applkatioo  vhkh  has  motivated  the 
extensive  research  which  has  been  done  on  wave  propagation  in  planar  layered  media.  In  this 
application,  sources  and  receivers  are  placed  on  the  surface  of  the  earth  for  the  purpose  of 
imaging  the  subsurface  structure.  From  a  perspective  on  the  surface,  at  seismic  frequencies,  the 
earth  can  often  be  modeled  accurately  as  varying  only  with  depth.  The  variation  with  depth  is 
often  conveniently  thought  of  as  piecewise  homogeneous  so  that  the  earth  structure  consists  of  a 
stacked  system  of  strong  reflecting  interfaces. 

Although  acoustic  frequencies  differ  from  seismic  frequencies  by  several  orders  of 
magnitude,  and  although  well  logging  instrumentation  is  deployed  vertically  while  seismic 
instrumentation  is  positioned  horizontally,  the  acoustic  well  logging  problem  and  the  exploration 
seismology  problem  are  actually  closely  tied.  The  analogy  between  these  two  geometries  is 
suggested  in  Figure  1*1.  Here  we  see  that  in  each  case  the  instrumentation  is  deployed 
perpendicular  to  the  direction  of  variation  in  the  earth  model.  The  fundamental  difference 
between  the  two  cases  is  the  interchange  of  the  zand  raxes. 


Measurements  at  /  —  0 


Surface  Exploration  Seismology 


Figure  1-1.  The  analogy  between  planar  and  cylindrical  geometries 


Unlike  the  axial  dimension,  z,  the  radial  dimension,  r,  is  a  non-negative  quantity.  Any 
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energy  propagating  toward  r  —  0  is  the  cylindrical  geometry  wilt  pan  through  the  axis  and 
propagate  back  toward  the  formation.  Thia  is  not  generally  true  in  planar  problems  since  energy 
propagating  upwards  can  propagate  through  r  -  0  and  off  to  z  ■  — .  However,  in  exploration 
seismology,  the  z  -  0  plane  can  often  be  modeled  a  a  perfect  reflector,  in  which  case  upgoing 
energy  will  reflect  off  the  earth's  surface  from  below  and  re-enter  (he  formation  in  a  manner 
analogous  to  the  cylindrical  case. 

In  conclusion,  wave  propagation  in  cyiindrically  stratified  media  is  a  central  concern  of  this 
thesis  and  arises  in  the  acoustic  well  logging  application.  Cyiindrically  layered  media  problems 
am  closely  tied  to  planar  layered  media  problems  and,  in  fact,  the  acoustic  well  logging  problem 
considered  in  this  thesis  is  similar  in  many  ways  to  the  surface  exploration  seismology  problem. 
In  treating  the  acoustic  logging  problem  we  will  frequently  refer  to  and  borrow  concepts  from  the 
better  known  seismology  problem. 

Lfi  The  Cylindrical  Wave  Reflection  Coefficient 

The  monochromatic  cylindrical  wave  plays  a  fundamental  role  in  the  study  of  wave 
propagation  in  cyiindrically  stratified  media.  This  role  is  analogous  to  that  of  the  monochromatic 
plane  wave  in  planer  layered  media.  Specifically,  the  cylindrical  wave  is  the  fundamental  solution 
to  the  homogeneous  monochromatic  scalar  wave  equation  in  cylindrical  axi-symmetric 
coordinates,  just  as  the  plane  wave  is  in  Cartesian  coordinates.  A  cylindrical  wave  can  be 
constructed  as  an  integral  of  plane  waves  and  general  solutions  to  the  homogeneous  wave 
equation  can  be  cast  as  weighted  integrals  of  either  plane  or  cylindrical  waves. 

hi  the  same  way  that  a  plane  wave  incident  on  a  planar  layered  medium  results  in  a 
reflected  plane  wave,  a  cylindrical  wave  incident  on  a  cyiindrically  layered  medium  results  In  a 
reflected  cylindrical  wave.  The  frequency  of  the  reflected  wave  is  the  same  as  that  of  the  incident 
wave  and  the  angle  of  incidence  equals  the  angle  of  reflection.  The  only  influence  which  the 
medium  has  oo  the  reflection  process  Is  to  determine  the  amplitude  of  the  reflected  wave, 
relative  to  the  incident  wave  amplitude.  In  fact,  the  cylindrical  wave  reflection  coefficient  is 


defined  et  the  ratio  of  the  reflected  to  incident  cylindrical  wove  amplitudes.  This  is  illustrated  in 
Figure  1*2. 


Figure  1-2.  The  reflection  process  in  planar  and  cylindrical  geometries 

Conceptually,  the  reflection  coefficient  is  the  means  through  which  we  learn  about  the 
formation.  Summarized  in  the  reflection  coefficient  is  the  "information"  regarding  the  structure 
of  the  medium  being  sensed  and  a  separate  problem  is  the  interpretation,  or  inversion,  of  the 
reflection  coefficient  to  recover  this  structure.  For  this  reason,  the  reflection  coefficient  of  a 
layered  medium  is  of  fundamental  interest. 

In  Figure  1-3  we  show  both  perspective  and  contour  plots  of  the  magnitude  of  the 
theoretical  cylindrical  wave  reflection  coefficient  as  a  function  of  frequency,  «,  and  the  axial 
component  of  wavenumber,  k t,  for  the  case  of  a  homogeneous  elastic  formation  model  (Chapter 
IV).  Note  from  this  figure  that  the  behavior  of  the  reflection  coefficient  can  be  roughly  divided 
into  4  wedge-shaped  regions  delineated  by  the  three  sound  speeds  in  the  geometry.  These  are 
denoted  by  v.,  v,  and  v7  and  correspond  to  the  compressional  speed  of  the  formation,  the  shear 
speed  of  the  formation  and  the  fluid  speed  of  the  mud  in  the  borehole.  In  typical  togging 
situations,  ye  >  v,  >  »/,  «  is  the  case  in  this  figure.  Also  of  interest  is  the  situation  where 
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»,>»/>  rt,  sometimes  referred  to  as  a  ‘slow  formation’.  However,  we  do  not  explicitly  treat 
this  case  here. 

A  detailed  interpretation  of  the  features  of  the  reflection  coefficient  shown  in  Figure  1-3  is 
given  in  Chapter  H  Briefly,  the  flat  table-like  region  in  the  reflection  coefficient  corresponds  to  a 
condition  of  total  internal  reflection.  That  is,  an  incident  cylindrical  wave  defined  by  a  frequency 
and  wavenumber  in  this  wedge-shaped  flat-table  region  will  not  transmit  a  propagating  cylindrical 
wave  into  the  formation  but  will  be  entirely  reflected  into  the  borehole.  The  reflection 
coefficient  is  complex-valued  with  unity  magnitude  in  this  region  and  the  ( k t, »)  pairs  where  the 
phase  of  the  reflection  coefficient  is  a  multiple  of  2«  define  the  condition  for  a  propagating  mode 
in  the  borehole.  In  the  region  defined  by  k,  >  uhf%  on  the  other  hand,  the  reflection  coefficient 
is  essentially  zero.  This  is  because  the  axial  component  of  wavenumber  is  larger  than  the  total 
wavenumber,  Implying  that  the  radial  component  of  wavenumber  is  imaginary.  Thus,  this  region 
corresponds  to  the  case  of  an  inhomogeneous  incident  cylindrical  wave  which  decays 
exponentially  in  the  radial  direction  and  therefore  attenuates  significantly  in  propagating  out  to 
the  wall  and  back. 

In  conclusion,  cylindrical  waves  and  the  cylindrical  wave  reflection  coefficient  play  a 
fundamental  role  In  the  study  of  wave  propagation  in  cylindrically  stratified  media.  The 
cylindrical  wave  reflection  coefficient  carries  the  information  pertaining  to  the  radial  structure  of 
the  formation  and  a  separate  problem  is  the  inversion  of  the  coefficient  to  obtain  this  structure. 
In  the  case  of  a  homogeneous  formation  model,  the  reflection  coefficient  is  directly  interpretable 
in  terms  of  the  parameters  of  the  formation. 

1.3  Relating  the  Reflection  Coefficient  to  the  Field 

The  relationship  between  the  cylindrical  wave  reflection  coefficient,  R(k,,m),  and  the 
acoustic  pressure  field  on  the  axis  of  the  borehole  due  to  a  point  source  at  the  origin,  p(z,t),  is 
derived  in  Chapter  III  and  is  given  by 
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p(z.t)  -  +  *,<*/) 

(U) 

when  p*(a/)  denotes  the  direct  component  of  the  total  field  and  p,(z,t)  denotes  the  reflected 
component.  Physically,  the  direct  field  corresponds  to  energy  which  has  traveled  a  path  directly 
from  the  source  and  is  therefore  independent  of  the  formation.  The  reflected  component  of  the 
field  summarizes  the  effect  of  the  formation  on  the  field.  The  direct  field  is  a  delayed  and  scaled 
version  of  the  source  pulse,  s(r),  and  is  given  by 

p4(x,t)  -  -r~r  sit  -  1 1 (/»,) 

1  (1.2) 

while  the  reflected  component  of  the  field  can  be  written  in  the  form  of  a  two  dimensional  (2D) 
Fourier  transform  as 
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where  5^(«)  is  the  Fourier  transform  of  the  Hilbert  transform  of  the  source  pulse.  Specifically, 
$(•)  -  2*1  s*n(«)  S(m),  where  S{m)  is  the  Fourier  transform  of  the  source  pulse. 

As  we  will  show,  the  reflection  coefficient  is  theoretically  guaranteed  to  be  less  than  or 
equal  to  unity  in  magnitude,  while  if  there  is  the  slightest  amount  of  attenuation  in  the  medium, 
then  it  will  be  strictly  less  than  unity  in  magnitude.  Assuming  that  there  is  some  attenuation 
present,  the  integration  and  summation  operations  in  equation  (1.3)  can  be  interchanged  so  that 
the  field  can  be  interpreted  as  a  sum  of  individually  reflected  arrivals.  This  also  allows  the 
reflection  coefficient  series  can  be  summed  in  closed  form  as 


a-l 


R  (A-,*) 
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For  the  case  when  ^(«i  -  2,  A{k.,m)  represents  the  2D  Fourier  transform  of  the  reflected 
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component  of  the  space-time  presrore  field  along  tha  borehole  axil.  In  Figure  1*4  we  ihow 
perspective  and  contour  plots  of  the  magnitude  of  this  coefficient 

The  mountain-like  features  which  dominate  Figure  1-4  correspond  to  modal  phenomena. 
In  the  wedge- duped  region  defined  by  the  finid  and  shear  speeds,  reflections  off  the  formation 
are  totally  internally  reflected,  interference  between  tha  multipies  occurs,  and  modes  are  formed. 
Outside  this  region,  interference  also  occurs  between  the  multiples,  but  because  the  reflection 
coefficient  is  less  than  unity  in  magnitude  in  this  region,  the  modes  are  not  completely  trapped  in 
the  borehole  and  are  termed  leaky*.  Here,  the  ridges  are  not  nearly  as  high  or  sharp.  The 
magnitude  in  the  perspective  plot  in  Figure  1-4  is  on  a  dB  scale  (10  logM)  and  the  plot  was 
intentionally  clipped  at  -100  dB. 

The  relationship  between  the  field  on  the  borehole  axis  and  the  reflection  coefficient  can 
be  interpreted  in  terms  of  2D  linear  space-time-invariant  convolutions.  Specifically,  in  Figure  1- 
S  we  show  this  relation  in  terms  of  the  2D  Fourier  transform  of  die  reflection  coefficient,  which 
we  will  refer  to  as  the  reflection  coefficient  signal  and  denote  as  r(z,t).  Here  we  see  that  the 
reflection  coefficient  signal  is  repeatedly  convolved  with  itself  and  summed  to  form  the  reflected 
component  of  the  field. 

hi  Figure  1-4  we  show  a  plat  of  100  synthetically  generated  waveforms  (Chapter  IV) 
corresponding  to  %(/)’  r(z.t),  where  the  asterisk  denotes  temporal  convolution  and  \(t) 
denotes  the  Hilbert  transform  of  the  source  pulse.  This  figure  is  in  a  variable  density  log  (VDL) 
format  where  the  grey-scale  indicates  amplitude.  In  Figure  1-7,  we  show  the  corresponding  the 
reflected  component  of  the  field,  also  in  a  VDL  format  The  reflection  coefficient  signals 

in  Figure  1-4  correspond  to  the  primary  reflection  of  the  source  pulse  off  the  formation  wall 
while  the  reflected  component  of  the  field  in  Figure  1-7  contains  the  sum  of  an  infinite  number 
of  reflections.  Comparing  these  two  figures,  we  see  that  the  reflection  coefficient  signal  is  less 
cluttered  than  the  reflected  component  of  the  field.  Furthermore,  the  interference  of  the 
multiples  in  Figure  1-7  produces  modal  phenomenon  which  are  difficult  to  interpret  in  terms  of 
the  nature  of  the  formation.  The  reflection  coefficient  signals  do  not  contain  these  complicated 
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View*  1-5.  Relating  the  reflection  coefficient  to  the  reflected  field  on  the  axis 

waveguide  effects. 

ha  conclusion,  the  reflected  component  of  the  field  on  the  axis  of  the  borehole  consists  of 
an  infinite  sum  of  reflected  arrivals.  At  acoustic  frequencies,  these  arrivals  overlap  one  another 
la  space  and  time  to  produce  a  complicated  wavefield  which  is  difficult  to  interpret.  The 
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reflection  coefficient  signal,  on  the  other  hand,  represents  the  primary  reflection  off  the 
formation  wall  and  is  easier  to  interpret  in  terms  of  the  formation  parameters.  The  reflected 
component  of  the  total  field  is  related  to  the  reflection  coefficient  signal  via  a  series  of  2D  space- 
time  invariant  convolutions  and  summations. 

1.4  Thaaia  Problem 

In  this  thesis,  we  explore  the  estimation  of  the  cylindrical  wave  reflection  coefficient 
within  the  context  of  acoustic  well  logging.  Specifically,  from  measurements  of  the  acoustic  field 
on  the  axis  of  the  hole  due  to  a  poiut  source,  also  on  the  axis,  the  problem  is  to  estimate  the 
cylindrical  wave  reflection  coefficient  associated  with  the  formation. 


Saufce-Hectivti  Offset  in  Incites 
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Tbe  estimation  of  the  cylindrical  wave  reflection  coefficient  is  complicated  by  the  presence 
of  multiple  reflections  in  the  data  as  well  as  by  the  presence  of  energy  which  has  traveled  a  direct 
path  from  the  source.  In  this  thesis,  we  treat  the  problem  of  estimating  the  reflection  eoeflicient 
from  measurements  of  the  infinite  series  of  reflections  in  the  borehole,  but  without  the  presence 
of  the  direct  arrival.  The  estimation  of  the  reflection  eoeflicient  from  the  multiple  reflections 
pins  the  direct  arrival  is  the  actual  problem  of  interest  but  Is  not  treated  here.  Also  not  treated 
here  is  the  problem  of  inverting  the  reflection  coefficient  to  recover  the  radial  variation  of  the 
formation  model. 

The  reflection  eoeflicient  of  the  formation  is  a  function  of  both  frequency  and  axial 
wavenumber  and  the  problem  is  to  estimate  this  2D  function  from  space-time  data.  In  this 
thesis  we  do  not  treat  this  2D  estimation  problem,  but  instead  treat  a  somewhat  simpler  one 
dimensional  (ID)  version  of  the  problem.  Ia  this  ID  formulation,  we  estimate  the  reflection 
coefficient  as  a  function  of  frequency  but  at  a  single  value  of  axial  wavenumber.  This 
corresponds  to  estimating  a  slice  of  the  reflection  coefficient  shown  in  Figure  1-2  made  at  a 
constant  axial  wavenumber.  The  procedure  we  develop  for  a  single  wavenumber  can,  in  theory, 
be  repeated  for  various  choices  of  wavenumber  to  build  up  an  estimate  of  the  2D  reflection 
coefficient  of  interest. 

We  refer  to  the  reflection  coefficient  at  a  single  axial  component  of  wavenumber  as 
R  (m  |  kj),  and  its  Fourier  transform  as  r(i  |  k,),  and  we  will  estimate  this  slice  of  the  reflection 
coefficient  from  the  reflected  pressure  field  at  a  single  axial  component  of  wavenumber,  denoted 
pr(r|^).  The  single  wavenumber  reflected  pressure  field  can,  In  theory,  be  obtained  by  first 
removing  the  direct  field  from  the  data  and  then  transforming  the  remaining  reflected  field  over 
space  and  evaluating  the  result  at  the  desired  wavenumber.  Alternatively,  a  phased  array  of 
point  sources  can  be  used  to  attain  the  same  result  (Chapter  V).  From  equation  (1.3)  it  follows 
that  the  relationship  between  the  single  wavenumber  reflected  field  and  the  single  wavenumber 
reflection  coefficient  signal  is  given  by 
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As  ia  the  2D  case,  we  see  that  the  reflection  coefficient  signal  is  repeatedly  convolved  with  itself 
and  summed  in  the  model  for  the  reflected  field. 

Based  on  equation  (1.5)  we  derive  the  ID  reverberatory  signal  processing  model  shown  In 
Figure  1*8.  Here,  we  have  switched  to  a  discrete  domain  representation  of  the  signals  and  have 
introduced  observation  noise  st  the  system  output  as  well  as  source  noise  at  the  input.  The 
reflection  coefficient  sequence  in  this  system  is  modeled  as  causal  and  finite  in  length.  The 
problem  is  to  estimate  the  elements  of  the  reflection  coefficient  sequence  given  the  observations 
and  the  statistics  of  the  noise  processes.  The  estimate  of  the  slice  of  the  reflection  coefficient  will 
be  taken  as  the  discrete  Fourier  transform  (DFT)  of  the  estimate  of  the  reflection  coefficient 
sequence. 


Source  Observation 

Noise  Noise 
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Figure  1-8.  The  discrete  domain  dereverberation  signal  processing  model 


1.8  Belailoasbip  to  Other  Problems 

The  problem  of  estimating  the  cylindrical  wave  reflection  coefficient  is  related  to  a  variety 


of  other  problems.  In  this  section,  we  discuss  the  relationships  with  several  other  problems. 
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Estimating  the  cylindrical  wave  reflection  coefficient  in  a  cylindrical  geometry  is  analogous 
to  estimating  the  plane  wave  reflection  coefficient  in  a  planar  geometry  which  has  a  perfect 
reflector  at  t  -  0.  In  each  case,  the  data  will  contain  a  direct  arrival  from  the  source  as  wail  as 
an  infinite  series  of  multiple  reflections.  The  details  of  the  equations  relating  the  plane  wave 
reflection  coefficient  to  data  recorded  on  the  surface  will  be  different  than  those  of  the  equations 
relating  the  cylindrical  wave  reflection  coefficient  to  data  recorded  on  the  axis,  however.  That  is, 
equations  (1.1)-<1.5)  will  be  replaced  by  their  planar  geometry  analogs.  These  can  be  found,  for 
example,  in  (61. 

It  should  be  noted  that  if  the  instrumentation  is  placed  in  an  infinite  half-space  above  a 
layered  medium,  as  opposed  to  in  a  medium  topped  by  a  perfect  reflector,  then  the  plane  wave 
reflection  coefficient  estimation  problem  becomes  significantly  simpler.  In  this  case  there  will  be 
no  multiple  reflections  present  in  the  data,  but  a  direct  arrival  will  still  be  present. 

L&2  Redaction  Seismology 

The  reflection  coefficient  estimation  objective  of  this  thesis  is  loosely  analogous  to 
reflection  seismic  methods.  In  reflection  seismology,  the  receiver  array  is  placed  at  a  short  offset 
from  the  source  so  that  energy  reflected  by  the  subsurface  interfaces  at  normal  incidence,  or 
dose  to  normal  incidence,  will  be  recorded  [10].  The  processing  of  data  recorded  in  this  manner 
typically  consists  of  a  three  part  sequence  of  operations.  The  first  part  consists  of  a  stacking 
operation  while  the  second  part  involves  the  use  of  predictive  deconvolution.  These  two 
components  of  the  processing  serve  to  enhance  primary  reflections  in  the  data  relative  to  both 
multiples  noise.  The  result  is  an  offset- versus- time  data  set  which  will  hopefully  contain  only 
primary  reflections.  Thus,  these  two  steps  correspond  roughly  to  estimating  the  reflection 
coeffideot  signal,  since  the  reflection  coefficient  signal  is  also  an  offset- versus-time  domain  signal 
with  no  multiply  reflected  energy. 


The  third  step  ia  the  processing  of  seismic  data  is  one  of  migration.  Here,  the  data  is 
mapped  from  the  offset-time  domain  into  the  offset-depth  domain.  In  (his  wap,  an  image  of  the 
subsurface  structure  is  obtained.  In  (he  cylindrical  geometry,  this  operation  is  analogous  to 
migrating  the  reflection  coefficient  signal  from  the  depth-versus-time  domain  into  the  depth- 
versus-radius  domain.  Viewed  another  way,  this  step  is  loosely  analogous  to  interpreting,  or 
inverting,  the  reflection  coefficient  in  terms  of  the  radial  structure  of  the  formation. 

Although  we  do  not  investigate  the  application  of  reflection  seismic  processing  to  borehole 
applications,  it  is  felt  that  the  stacking-deconvolution-migration  approach  merits  a  careful  study. 
To  summarize,  the  approach  is  to  estimate  the  reflection  coefficient  signal,  rather  than  the 
reflection  coefficient  itself,  and  then  migrate  the  result  from  the  z— t  domain  into  the  z-r 
domain.  The  primary  complication  here  is  the  fact  that  the  interesting  reflectors  in  the  borehole 
problem  are  weak,  while  those  in  the  planar  problem  are  strong. 

ljd  Existing  Acoustic  Logging  Methods  and  Befraction  Seismology 

The  reflection  coefficient  estimation  approach  to  the  acoustic  well  logging  problem  is 
distinctly  different  from  the  existing  approach  to  acoustic  logging.  In  the  existing  approach, 
energy  refracted,  rather  than  reflected,  by  the  formation  is  analyzed  by  the  processing.  From  the 
travel-time  information  from  the  source  to  receiver,  or  more  specifically,  from  the  derivative  of 
travel-time  with  respect  to  source-receiver  offset,  the  velocity  structure  of  the  formation  with 
depth  can  be  inferred  (Chapter  II). 

While  the  reflection  coefficient  estimation  approach  investigated  in  this  thesis  is  closely 
related  to  reflection  seismic  methods,  the  existing  approach  to  acoustic  logging  is  closely  related 
to  refraction  seismic  methods.  There,  the  receiver  array  is  placed  at  a  large  offset  from  the 
source  where  refracted  arrivals  reach  the  surface.  From  the  arrival-time  information  observed 
across  the  array,  the  subsurface  velocity  structure  can  be  inferred.  The  analogy  between 
conventional  acoustic  logging  methods  and  refraction  seismology  is  suggested  in  Figure  1-9. 
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Figure  1-9.  The  analogy  between  acoustic  logging  and  refraction  seismology 


L8.4  D« reverberation  and  Pole-Zero  Estimation 

The  reflection  coefficient  estimation  problem  is  a  signal  processing  problem  of 
dereverberation,  or  equivalently,  of  removing  multiples,  as  discussed  earlier.  Thus,  the 
reflection  coefficient  estimation  problem  is  similar  to  other  problems  which  fit  the  same 
reverberatory  model.  More  generally,  the  problem  we  treat  here  is  a  special  case  of  a  pole-zero 
estimation  problem.  Specifically,  we  have  noisy  observations  of  the  output  of  a  rational  system 
driven  by  a  random  process.  The  identifying  feature  of  the  problem  treated  here  is  the  way  we 
have  parameterized  the  rational  system.  As  an  alternative,  we  might  have  modeled  our 
observations  as  the  output  of  a  pole-zero  model,  or  an  all-pole  model,  etc.,  estimated  the  model 
parameters  and  then  mapped  them  into  reflection  coefficient  sequence  elements  of  interest 


1.6  Thesis  Outline 

The  problem  investigated  in  this  thesis  is  treated  in  the  course  of  the  next  six  chapters. 
We  briefly  outline  the  contents  of  these  chapters  bere. 


In  Chapter  II,  we  present  the  acoustic  well  logging  application  of  this  thesis  in  some  detail. 
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Here,  we  preeent  the  existing  veil  logging  method  within  the  context  of  travel-time  inversion 
before  focusing  on  the  proposed  reflection  coefficient  estimation  approach.  We  motivate  this 
new  approach  by  demonstrating  the  sensitivity  of  the  reflection  coefficient  to  the  perameters  of 
the  formation  for  the  case  of  a  homogeneous  formation  model. 

In  Chapter  in  we  study  acoustics  In  cylindrically  stratified  media.  Here  we  develop  the 
properties  of  monochromatic  cylindrical  waves,  and  of  the  cylindrical  wave  reflection  coefficient, 
and  compare  these  properties  to  the  properties  of  their  plane  wave  counterparts.  In  addition,  we 
develop  the  theoretical  relationship  between  the  cylindrical  wave  reflection  coefficient  and  the 
field  on  the  axis  of  the  borehole  given  by  equations  (1.1)  through  (1.5).  In  this  way,  a 
physically-based  model  is  obtained  which  relates  the  data  to  what  we  wish  to  estimate. 

In  Chapter  IV,  we  discuss  the  numerical  evaluation  of  the  theoretical  field  on  the  axis  of 
the  hole.  Arrays  of  synthetic  data  simulated  in  this  manner  will  serve  later  as  the  data  base  upon 
which  we  test  and  evaluate  the  reflection  coefficient  estimation  method  we  develop.  Synthetic 
data  is  preferable  to  laboratory  or  field  data  in  this  application  because  the  underlying  formation 
model  and  noise  levels  are  under  control,  as  is  the  instrumentation  design.  This  allows  for  a 
meaningful  evaluation.  The  major  finding  in  this  chapter  is  that,  through  the  use  of  table  lookup 
and  interpolation  methods  for  evaluating  Hankei  functions  for  complex-valued  arguments,  the 
computation  time  needed  to  generate  the  data  can  be  reduced  by  roughly  an  order  of  magnitude. 
This  significant  savings  in  computation  time  has  made  synthetic  data  a  useful  tool  in  acoustic 
logging  related  research,  whereas  before  this  development,  it  was  far  less  useful. 

In  Chapter  V,  we  develop  a  signal  processing  method  to  treat  the  reflection  coefficient 
estimation  problem.  We  first  identify  the  ID  single  wavenumber  signal  processing  model  we  will 
be  treating  and  then  parameterize  the  problem  as  in  Figure  1-8.  Following  this,  we  assume  that 
the  noise  processes  are  jointly  Gaussian  and  adopt  a  maximum  likelihood  (ML)  estimation 
criterion.  The  estimation  problem  is  seen  to  be  nonlinear  and  we  apply  an  iterative  method  due 
to  Musicus  [23].  Although  Musicus  applied  the  iterative  theory  to  a  Gaussian  ML  pole-zero 
estimation  problem,  we  find  that  the  method  applies  equally  well  to  the  dereverberation  problem 


hart,  la  (act,  the  two  problems  an  closely  related;  tha  dereverberation  problem  ia  equivalent  to 
a  pole-zero  asttmatioo  problem  ia  which  the  pole*  tad  zeros  an  related.  The  iterative 
dereverberation  method  is  guaranteed  to  increase  the  log  likelihood  function  with  each  pass  but 
the  sequence  of  estimates  produced  by  this  method  is  not  guaranteed  to  converge.  The  method 
reduces  the  original  nonlinear  problem  to  an  iterative  procedun  requiring  the  ;oh  :on  to  two 
interconnected  linear  estimation  problems  in  each  pass  and  efficient  computational  met>  ods  have 
been  developed  to  implement  the  method. 

In  Chapter  VI,  we  apply  the  iterative  ML  technique  to  arrays  of  synthetic  data.  Through 
sequence  of  experiments,  we  test  and  evaluate  the  performance  of  the  iterative  ML 
dereverberation  scheme.  We  find  that,  at  a  single  axial  component  of  wavenumber,  the 
reflection  coefficient  cannot  be  reliably  estimated  at  those  frequencies  outside  the  passband  of  the 
source  pulse  or  at  those  frequencies  which  excite  modes.  Within  the  source  passband  the 
estimation  performance  depends  strongly  on  the  signal-to-noise  ratio  and  the  specific  array 
design. 


Finally,  in  Chapter  VII,  we  outline  the  contributions  of  this  thesis  as  well  as  promising 
areas  for  further  investigation.  Here,  we  identify  new  areas  of  research  relating  to  acoustic 
togging  as  well  as  remaining  areas  relating  to  the  reflection  coefficient  approach  investigated  here. 
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n.  ACOUSTIC  WILL  LOGGING 


11  In  trod  action 

In  this  chapter,  we  discuss  the  problem  of  acoustically  imaging  the  formation  structure 
from  a  perspective  within  a  borehole.  Specifically,  using  acoustic  sources  and  receivers  in  the 
hole,  the  problem  is  to  resolve  the  spatial  variation  of  the  acoustic  properties  of  the  formation. 
This  imaging  viewpoint  is  a  generalization  of  the  classical  logging  perspective  in  which  a  one 
dimensional  (ID)  image  of  the  formation  variation  with  depth,  called  a  log,  is  the  objective. 
Here,  we  extend  the  logging  approach  to  include  the  radial  dimension,  in  addition  to  the  axial 
dimension,  and  our  objective  is  now  a  two  dimensional  (2D)  image  of  the  formation,  rather  than 
a  ID  log. 

We  begin  this  chapter  with  some  background  on  the  nature  of  the  borehole  environment 
and  the  general  problem  addressed  by  the  well  logging  industry  [3] [13H28] [34]  135],  This  is 
followed  by  a  discussion  of  fundamental  acoustic  imaging  concepts  within  the  context  of  well 
logging.  We  then  present  two  approaches  to  acoustic  imaging;  the  first  is  based  on  the  principle 
of  refraction,  while  the  second  is  based  on  a  reflection  concept.  Refraction-based  imaging 
methods  include  the  existing  approach  to  acoustic  logging  [4]  [19]  [20]  [29]  while  reflection-based 
methods  include  the  proposed  reflection  coefficient  estimation  approach  proposed  in  this  thesis. 

By  presenting  the  application  of  this  thesis  in  this  manner,  we  develop  an  understanding  of 
the  general  well  logging  problem,  the  contribution  of  acoustic  methods  toward  solving  this 
problem,  the  various  approaches  to  acoustic  logging,  and  how  the  proposed  reflection  coefficient 
method  and  existing  refraction-based  method  fit  into  a  general  acoustic  logging  framework. 

2.2  Background 

As  an  oil  or  gas  well  is  being  drilled,  mud  is  continually  being  pumped  into  the  hole  to 
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eool  off  the  drill  bit  tad  carry  away  the  pieces  of  broken  rock.  The  mad  has  been  specially 
weighted  so  that  the  pressure  which  the  mud  column  exerts  against  the  formation  wall  is  enough 
to  prevent  the  passage  of  formation  fluids  and  gasses  into  the  borehole.  In  this  way,  if  a  highly 
pressurized  oil  or  gas  zone  is  pierced  by  the  well,  a  dangerous  blow-out  is  averted.  In  fact,  the 
pressure  which  the  mud  column  exerts  on  the  formation  is  usually  so  great  that  a  filtrate  of  the 
mud  is  forced  into  the  virgin  formation.  This  creates  what  is  known  as  the  Inaded  zone  of  the 
formation  and  is  one  source  of  radial  variation  in  the  formation. 

By  design,  the  mud  will  quickly  tend  to  cake  along  the  borehole  waiL  The  mud  cake  is 
essentially  impermeable  and  serves  to  isolate  the  borehole  fluids  from  the  formation  fluids  and 
gasses  and  thus  halt  the  invasion  process.  The  invaded  zone  will  then  diffuse  into  the  formation 
very  slowly  with  time,  perhaps  on  the  order  of  months. 

Besides  infiltrating  the  virgin  formation  with  borehole  fluids,  the  drilling  process  also 
disturbs  the  natural  stress  field  in  the  formation.  In  effect,  the  drilling  process  produces  stress 
concentrations  at  the  borehole  wall  which  are  strongly  anisotropic  but  decrease  rapidly  with 
distance  from  the  borehole.  Distinct  from  the  invaded  zoae,  this  region  is  referred  to  as  the 
altered  zone  of  the  formation.  As  with  the  invaded  zone,  the  altered  zone  will  relax  over  a  period 
of  time,  perhaps  on  the  order  of  days,  to  a  new  state  of  static  stress.  The  altered  zone,  invaded 
zone  and  mud  cake  are  depicted  in  Figure  2-1. 

After  the  well  has  been  drilled  and  the  drill  pipe  has  been  removed  from  the  hole,  what 
remains  is  a  mud-filled  borehole  perhaps  2  or  3  miles  deep.  At  this  point,  little  is  known  about 
the  structure  of  the  formation  which  was  drilled  through,  especially  if  the  well  is  the  first  oae  in  a 
particular  area.  In  fact,  it  is  entirely  possible  that  if  an  oil  or  gas  reservoir  was  pierced  by  the 
well  there  would  be  no  indication  of  this  at  the  surface.  This  then  motivates  the  need  for  a  well 
logging  operation. 


The  primary  objective  of  the  logging  operation  is  to  resolve  the  porosity  (i.e.  the  percent  of 
a  local  volume  which  is  comprised  of  pores,  or  cavities)  of  the  virgin  formation  as  a  function  of 
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Fifure  2-1.  The  borehole  environment 

space  in  the  vicinity  of  the  hole  and  the  associated  hydrocarbon  saturation  (i.e.  the  percent  of  the 
pore  space  which  is  comprised  of  hydrocarbons).  In  addition,  the  permeability  of  the  formation 
(which  indicates  the  connectedness  of  the  pores)  must  be  estimated  so  that  expected  flow  rates 
can  be  computed. 

Following  the  determination  of  these  quantities  is  the  decision  as  to  whether  or  not  to 
produce  from  the  well.  If  the  well  is  to  go  into  production,  a  steel  casing  is  cemented  to  the 
formation  wall  and  the  mud  is  pumped  out.  The  casing  is  then  perforated  at  the  decided  depth 
and  the  hydrocarbon  reserves  are  permitted  to  escape  up  the  hole  in  a  controlled  fashion. 

Well  logging  methods  determine  the  formation  porosity,  permeability  and  hydrocarbon 
saturation  in  an  indirect  fashion.  A  series  of  logging  ’tools*  are  suspended  via  wireline  (i.e.  a 
communication  cable)  into  the  borehole.  Each  of  the  tools  has  been  designed  with  a  specific 
measurement  objective  in  mind,  however,  none  of  these  directly  measures  the  desired  quantities. 
The  existing,  or  conventional,  sonic  (i.e.  acoustic)  tool  measures  the  acoustic  velocities  of  the 
formation,  a  tool  with  a  neutron  source  senses  the  density  of  the  formation,  an  electrical  tool 
measures  the  formation  resistivity,  etc.  A  well  logging  interpretation  expert  and  an  ’intelligent* 


computer  program  are  used  la  conjunction  to  deduce  the  desired  information  from  those 
measurements  which  are  indeed  made.  This  interpretation  step  is  not  easily  quantified  since  a 
great  deal  of  experience  with  the  particular  geologic  area  and  educated  guess  work  are  typically 
required. 

In  this  thesis,  we  limit  our  attention  solely  to  the  acoustic  approach  to  well  logging.  As 
the  name  implies,  this  approach  explores  the  acoustic  properties  of  tie  formation  in  the  vicinity 
of  the  borehole.  The  interpretation  of  the  acoustic  properties  of  the  formation  in  terms  of  the 
hydrocarbo n-related  questions  of  interest  is  not  considered  here. 

2.3  Acoustically  Imaging  the  Formation  from  a  Perspective  Within  the  Borehole 

In  acoustic  well  logging,  an  acoustic  source  (or  array  of  sources),  and  an  array  of  receivers 
are  lowered  into  the  borehole  for  the  purpose  of  learning  about  the  acoustic  properties  of  the 
formation  which  surrounds  it.  The  source  excitation  is  designed  to  'probe*  the  formation  in 
some  desired  fashion  and  the  elements  of  the  receiver  array  are  placed  so  as  to  record  the 
formation  'response*.  We  learn  about  the  formation,  then,  by  analyzing  this  response. 

The  objective  of  acoustic  logging  (i.e.  of  analyzing  the  formation  response)  is  to  resolve 
one  or  more  acoustic  properties  of  the  formation  as  a  function  of  space.  By  resolving  any  one 
property,  we  effectively  build  a  three  dimensional  (3D)  acoustic  image  of  the  formation  as  seen 
through  that  property.  In  many  instances,  the  variation  in  the  angular  dimension,  9 ,  is  weak,  in 
which  case  a  2D  image  of  the  formation  in  r  and  z  is  sufficient.  In  still  other  instances,  the  radial 
variation  in  the  formation  (i.e.  the  invaded  and  altered  zones)  is  either  not  appreciable  or  not 
Interesting,  relative  to  the  axial  variation.  In  this  case,  one  may  wish  to  image  (i.e.  log)  only 
the  ID  depth  variation  of  the  formation. 

An  important  issue  in  an y  imaging  system  is  that  J.  resolution.  In  the  following  sections, 
we  discuss  the  fundamental  limits  of  resolution  (i.e.  how  small  a  structure  can  be  resolved),  the 
resolution  of  large  formation  structures,  the  resolution  of  structure  which  is  distant  from  the 
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borehole  and  the  problems  associated  with  viewing  the  formation  from  a  perspective  in  a 
borehole. 

13,1  Fundamental  Resolution  Limits 

Acoustic  logging  methods  are  only  capable  of  resolving  structure  in  the  formation  which  is 
larger  than,  or  on  the  order  of,  the  wavelengths  associated  with  acoustic  frequencies.  Structure 
in  the  formation  which  is  much  smaller  than  a  wavelength  is,  in  effect,  not  ‘seen*  in  this 
frequency  range.  Rather,  a  wave  with  a  particular  wavelength  tends  to  average,  or  smooth,  the 
underlying  fine  structure  in  the  formation  over  the  distance  of  roughly  a  wavelength.  Thus,  for 
practical  purposes,  we  can  imagine  spatially  low-pass  filtering,  or  smoothing,  the  actual  structure 
of  the  formation  over  distances  of  an  acoustic  wavelength  to  obtain  a  new  formation  structure 
which  is,  in  some  sense,  the  highest  resolution  image  we  can  expect. 

The  term  acoustic,  or  sonic ,  implies  frequencies  which  are  in  the  range  of  1  KHz  to  50 
KHz.  (Frequencies  much  higher  than  this  are  termed  ultrasonic ,  while  those  which  are  much 
lower  are  referred  to  as  seismic.)  The  wavelengths  associated  with  acoustic  frequencies  depend 
upon  the  sound  speeds  encountered  in  typical  earth  formations  and  drilling  muds.  Specifically, 
the  wavelength,  X,  associated  with  a  given  frequency,  / ,  is  determined  by  the  sound  speed  of  the 
medium,  c,  via  the  relation  x  -  c//.  For  example,  in  the  borehole  mud,  which  has  a  sound 
speed  of  roughly  1.5  Km/s,  the  wavelength  at  1  KHz  is  approximately  5  feet  while  the 
wavelength  at  50  KHz  is  only  1  inch.  In  a  formation  with  a  sound  speed  of  3  Km/s,  these 
wavelengths  are  doubled. 

We  conclude  that  acoustic  well  logging  methods  are  fundamentally  limited  in  spatial 
resolution  to  features  which  are  on  the  order  of  inches,  or  greater.  Structure  in  the  formation 
which  is  smaller  than  a  few  inches  in  size  will  be  difficult  to  resolve  at  acoustic  wavelengths  and 
will  be  smoothed  in  an  acoustic  image  of  the  formation. 


2.3.2  Resolving  Global  Structure 


Afl  acoustic  source  within  the  borehole  will  illuminate  a  region  of  the  formation  local  to 
the  source.  This  region  is  typically  on  the  order  of  tens  of  wavelengths  in  size.  Formation 
structures  which  are  teas  or  hundreds  of  wavelengths  in  size  are  resolved  by  raising,  or  towering, 
the  instrumentation  in  the  hole  to  various  depths  and  repeating  the  local  probe/response 
experiment. 

An  issue  here  is  the  frequency  with  which  one  performs  a  local  acoustic  experiment  in  the 
hole.  If  the  depth  interval  between  experiments  is  sufficiently  laTge,  then  the  data  from  each 
experiment  is  independent  of  the  data  from  other  experiments.  In  this  case,  the  global 
resolution  problem  reduces  to  a  series  of  independent  local  resolution  problems.  On  the  other 
hand,  if  successive  experiments  are  investigating  overlapping  regions  of  the  formation,  then  the 
data  from  successive  experiments  is  correlated.  In  effect,  data  from  ail  the  local  experiments 
associated  with  a  given  depth  interval  should  be  used  in  learning  about  that  depth  interval. 

13J  Resolving  Structure  Distant  from  the  Borehole 

As  discussed  in  Section  2.2,  the  drilling  process  disturbs  the  virgin  formation  in  the 
vicinity  of  the  hole.  Specifically,  we  imagine  the  invaded  and  altered  zones  which  begin  at  the 
borehole  wall  and  disappear  gradually  with  increasing  radial  distance  into  the  formation.  The 
presence  of  these  zones  poses  a  problem  from  the  standpoint  of  making  measurements  of  the 
virgin  formation.  In  effect,  a  logging  method  must  be  able  to  *see*  beyond  the  invaded  and 
altered  zones  and  into  the  virgin  formation.  Alternatively,  if  the  logging  measurement  senses 
only  a  small  distance  into  the  formation,  one  must  understand  the  effects  of  the  contamination 
on  the  properties  being  measured  and  compensate  them  appropriately. 

Ideally,  one  would  like  to  resolve  the  properties  of  the  formation  as  a  function  of  both  r 
and  z.  In  this  way,  an  image  of  the  contamination  due  to  drilling  could  be  constructed  along  with 
the  natural  layering  of  the  rock  formations.  An  issue  here  is  the  maximum  distance  into  the 
formation  that  a  particular  method  can  sense.  Tais  limit  is  referred  to  as  the  depth  of  investigation 
of  the  method.  The  radial  resolution  problem,  theo  is  to  image  the  variation  in  r  out  to  the 


depth  of  investigation. 


The  depth  of  investigation  of  an  acoustic  logging  method  depends  strongly  on  the 
formation  itself,  and  in  particular,  on  the  nature  of  the  virgin  formation  fluids  relative  to  the 
invasion  fluids.  Specifically,  in  order  to  image  a  structure  at  a  given  radial  distance  into  the 

a 

formation,  acoustic  energy  must  penetrate  the  formation  to  at  least  that  distance  and  then  most 
reflect  or  refract  and  return  to  the  hole  where  it  can  be  sensed.  If  the  invaded  zone  is  foster  than 
the  virgin  formation  (i.e.  if  the  sound  speed  in  the  invaded  zone  is  greater  than  that  in  the  virgin 
formation),  which  is  not  usually  the  case,  then  any  rays  which  enter  the  virgin  formation  will  not 
return  to  the  borehole  and  the  virgin  formation  will  be  difficult  to  sense.  On  the  other  hand,  if 
the  virgin  formation  is  faster  than  the  invaded  zone,  then  energy  will  reflect  or  refract  as  a  result 
of  the  impedance  contrast  and  return  to  the  hole. 

In  conclusion,  there  is  often  an  issue  in  well  logging  as  to  whether  a  given  measurement 
corresponds  to  of  the  virgin  formation,  or  to  the  invaded  zone,  or  to  the  altered  zone,  or  to  some 
combination  of  these.  In  order  to  resolve  this  issue,  one  must  at  the  very  least  have  a  feel  for 
the  depth  of  investigation  of  the  method  and  the  extent  of  the  disturbed  zones.  Ideally,  one 
would  like  to  have  a  method  which  senses  the  formation  at  various  radii  so  that  the  radial 
variation  in  the  formation  can  be  resolved.  Acoustic  logging  methods  offer  some  capabilities  in 
this  regard,  particularly  if  the  acoustic  velocities  increase  with  distance  from  the  hole. 

13.4  The  Perspective  Within  the  Borehole 

Acoustically  imaging  the  formation  structure  from  a  perspective  within  the  borehole  is  a 
fundamentally  difficult  task.  The  borehole  tends  to  prevent  the  source  energy  from  entering  the 
formation  by  reflecting  it  inwards.  This  internally  reflected  energy  then  gives  rise  to  additional 
internal  reflections  which  overlap  with  each  other  in  space  and  time.  The  interference  between 
the  multiples  produces  modal  phenomena  which  are  guided  by  the  hole  to  large  axial  distances 
from  the  source  and  as  a  result,  it  is  difficult  to  'see*  what  is  outside  the  hole.  Viewed  in 
reverse,  it  is  easy  to  see  the  hole  itself,  which  makes  the  problem  of  seeiog  the  formation 
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diflfculL  A  central  issue  in  any  acoustic  logging  method  then  is  seperattnc  the  intemdag 
formation-dependent  information  in  the  measurements  from  the  uninteresting  information  due 
solely  to  the  fact  that  we  are  making  the  measurements  in  a  waveguide. 

The  primary  reason  for  the  large  effect  which  the  borehole  has  on  the  wave  propagation  is 
due  to  the  use  of  the  acoustic  frequency  range.  Acoustic  wavelengths  are  on  the  order  of  the 
size  of  the  hole  and  therefore,  acoustic  waves  are  affected  by  the  hole.  At  seismic  frequencies, 
the  wavelengths  are  much  longer  and  the  waves  cannot  resolve  the  hole.  At  ultrasonic 
frequencies,  the  hole  is  many  wavelength  across  so  that  individual  reflections  off  the  formation 
can  be  identified  and  isolated.  In  this  sense,  acoustic  frequencies  are  a  particularly  poor  choice 
for  well  logging  applications. 

14  Hefract  ion -Based  Acoustic  Imaging 

In  this  section,  we  present  the  refraction  concept  upon  which  the  existing  acoustic  logging 
method  is  based  (there  ts  only  one  existing  method).  We  theo  preseat  a  brief  analysis  of  the 
method  and  identify  the  limitations  of  this  approach.  Following  this,  a  travel-time  inversion 
approach  to  refraction-based  acoustic  logging  is  presented  which  may  serve  as  the  basis  of  a  two 
dimeasioosl  (2D)  acoustic  velocity  imaging  system.  The  conventional  logging  method  can  be 
viewed  as  a  special  case  of  the  travel-time  inversion  problem,  or  equivalently,  the  travel-time 
inversion  problem  can  be  viewed  as  a  generalization  of  the  conventional  approach. 

2.4.1  The  Existing  Velocity  Logging  Method 

Fermat’s  principle  of  least-time  states  that  the  first  arrival  of  energy  at  a  receiver  will  have 
traversed  a  least-time  path  from  the  source.  If  we  imagine  the  formation  as  a  homogeneous 
solid,  the  i  at  sufficiently  long  source-to-receiver  spaciogs,  the  fastest  path  from  the  source  to  the 
receiver  consists  of  a  ray  from  the  source  to  the  formation,  along  the  wall  of  formation,  and  then 
back  to  the  receiver,  as  shown  in  Figure  2-2.  While  in  the  borehole,  the  energy  propagates  at 
the  sound  speed  of  the  mud,  whereas  in  the  formation,  the  energy  propagates  at  the 
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compressional  velocity  of  the  formation.  The  energy  which  travels  this  path  is  called  the  first 
compressional  head  wave  and  is  a  refracted  arrival  much  like  those  found  in  planar  layered  media. 
This  arrival  is  relatively  small  in  amplitude,  but  because  it  is  the  first  energy  to  arrive,  it  is  easily 
detected. 

The  arrival  time  of  the  first  compressions!  headwave,  t,,  can  be  derived  from  the 
geometry  shown  in  Figure  2-2  as 

L  -  —  +  —  sin(dc)  for  *  >  2«  tan(0,)  where  cos<4()  -  — 

*  *  ao 

Here,  v(  and  vt  denote  the  compressional  sound  speed  in  the  solid  (formation)  and  the  sound 
meed  in  the  fiuid  (mud),  respectively.  The  source-receiver  spacing  is  denoted  by  z  and  the 
borehole  radius  by  a.  The  angle  the  least-time  ray  makes  with  the  formation,  te  is  known  as  the 
compressions!  critical  angle. 


Figure  2-2.  The  least-time  ray 


From  the  z  dependence  in  this  relation  we  see  that  the  first  compressional  headwave  will 
travel  across  the  array  with  a  velocity  equal  to  the  compressional  velocity  of  the  formation. 
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That,  by  estimating  the  velocity  of  the  first  compressional  headwave  across  the  array,  we  may 
infer  (he  compressioaal  velocity  of  the  formation  in  the  vicinity  of  the  array  aperture. 

This  least-time  ray  concept  is  the  basis  of  the  conventional,  or  existing,  approach  to 
acoustic  logging.  A  receiver  array  is  placed  in  the  borehole  many  wavelengths  from  the  source. 
Signal  processing  methods  are  designed  to  look  for  coherent  energy  propagating  across  the  array 
with  a  Umeer  more  out  (1.6.  a  constant  speed  across  the  array).  The  speed  of  propagation  is  then 
estimated  and  taken  to  be  the  compressioaal  speed  of  the  formation  in  the  vicinity  of  the  array. 
Then,  to  resolve  the  velocity  structure  of  the  formation  with  depth,  the  source  and  receiver  array 
ate  shifted  in  the  hole  and  the  experiment  is  repeated.  In  this  way,  velocity  estimates  are 
obtained  at  regular  depth  intervals  in  the  hole  and  a  compressioaal  velocity  log  is  obtained. 

Assuming  that  the  shear  velocity  of  the  formation,  vt,  is  greater  than  the  fluid  speed  in 
the  borehole,  v/t  there  is  a  first  shear  headwave,  just  like  the  first  compressions!  headwave,  in 
the  sense  that  it  travels  a  similar  path.  The  difference  is  that  the  critical  angle  is  smaller  and  that 
the  wave  travels  at  i,  in  the  formation,  not  at  ve.  Thus,  there  is  energy  which  propagates  across 
the  receiver  array  with  speed  r(  as  well  as  rc.  la  tact,  the  same  coherence-based  processing 
methods  that  are  used  to  estimate  the  compressions!  speed  can  also  be  used  to  estimate  shear 
speed.  In  this  way,  a  shear  velocity  log  is  obtained  in  addition  to  the  compressioaal  velocity  log. 

a.  Analogy  with  Refraction  Seismology 

The  analog  of  the  acoustic  well  logging  problem  in  a  planar  geometry  is  the  surface 
refraction  seismology  problem.  In  this  problem,  an  array  of  geophooes  is  placed  on  the  surface 
of  the  earth  many  wavelengths  from  a  seismic  source.  The  source  energy  is  refracted  by  the 
layers  in  the  earth  and  is  received  at  the  array.  From  the  velocities  of  coherent  energy 
propagating  across  the  array  with  a  linear  moveout,  the  acoustic  speeds  in  the  layers  below  can  be 
inferred. 

The  analogy  between  acoustic  logging  and  refraction  seismology  becomes  closer  if  the 
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planar  geometry  consists  of  a  shallow  (relative  to  a  wavelength)  water  layer  above  an  infinite 
solid  half-space.  This  is  suggested  in  Figure  2-3.  Here,  the  water  layer  is  analogous  to  the 
borehole  mud  and  the  solid  earth  is  analogous  to  the  downhole  formation.  As  in  the  borehole 
case,  the  shallow  water  layer  will  tend  to  trap  the  source  energy  and  guide  it  to  large  distances  in 
the  form  of  modes. 


Source 


Array 


Flfur*  2-3.  planar  and  cylindrical  geometry  analogs 


h.  Aaalyiii 

Conventional  acoustic  logging  is  a  refraction- based  method  which  assumes  that  the 
formation  is  homogeneous  across  the  array  aperture.  The  method  relies  primarily  on  the 
existence  of  coherent  energy  propagating  across  the  receiver  array  with  a  linear  moveout.  If,  for 
whatever  reason,  there  is  no  such  coherent  energy  in  the  waveforms,  then  the  method  will  not 
perform  well.  If  there  is  such  coherent  energy  in  the  waveforms,  then  there  is  the  issue  of 
interpreting  the  estimated  velocities  in  terms  of  formation  velocities.  Here,  the  depth  of 
investigation,  relative  to  the  thicknesses  of  the  altered  and  invaded  zones,  plays  a  role  in  the 


interpretation. 
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Tho  conventional  well  logging  method  U  limited  In  two  fundamental  ways.  Pint,  the 
method  assumes  that  the  formation  adjacent  to  the  array  Is  homogeneous  when  in  fact,  it  will 
generally  vary  both  axially  and  radially  over  distances  on  the  order  of  the  smallest  wavelength. 
Secondly,  the  method  does  not  exploit  the  correlation  between  successive  local  experiments  even 
though  the  array  shifts  only  a  fraction  of  its  aperture  between  successive  local  experiments. 

14J  Travel-Time  Inversion 

Refraction- based  well  logging  methods  can  be  extended  beyond  the  current  approach  to 
incorporate  a  more  realistic  formation  model  and  to  exploit  the  correlation  between  successive 
local  experiments.  Here,  we  study  the  effects  of  more  complicated  formation  models  on  the 
refracted  arrivals  and,  in  particular,  discuss  the  problem  of  inverting  travel-time  data  associated 
with  successive  local  experiments  to  recover  the  velocity  structure  of  the  formation. 

a.  A  CyMndrieally  Layered  Formation  Model 

A  cyiindrically  layered  formation  model  is  one  which  varies  in  r,  but  not  in  either  1  or  9. 
In  Figure  2-4  we  show  a  special  case  of  such  a  model  which  consists  of  a  system  of  piecewise 
homogeneous  concentric  layers.  In  the  limit  as  the  layer  thicknesses  become  small  relative  to 
the  wavelengths  involved,  this  layered  modei  can  be  used  to  accurately  epproximate  a 
continuously  varying  formation.  For  this  reason,  we  only  consider  the  piecewise  constant  model 
here. 

The  time  of  first  arrival  of  refracted  energy  associated  with  the  k *  interface  la  this  modei 
can  be  obtained  directly  from  the  geometry  in  Figure  2-4.  We  find  that 


where 
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Vigor*  2-4.  A  cylindrically  layered  formation  model 


tf«i  —  j  — L  siaioj*1)  and  z<k)  -  J  2d,  tan with  cos(0fk>)  -  — 

y'  /-«  y*  (2.3) 


Here  we  have  assumed  that  v,<  »2<  »,<  •••<>*  with  *  -  1,2,  •  •  • ,  M  The  notation  used  in 
equations  (2.2)  and  (2.3)  is  defined  in  Figure  2-4.  Also,  the  *  -  1  arrival  time  corresponds  to 
the  direct  arrival  from  the  source  to  the  ieceiver,  and  not  to  a  refracted  arrival. 

From  this  result,  we  see  that  the  refracted  arrival  associated  with  each  layer  is  a  straight 
line  in  the  z-t  plane.  The  slope  of  each  line  corresponds  to  the  velocity  of  one  of  the  layers 
while  the  intercepts  of  the  lines  (i.e.  the  crt,'s)  and  the  minimum  offsets  (i.e  the  z(ths)  each 
contain  the  layer  thickness  information.  Moreover,  the  minimum  offsets  and  the  intercepts  are 
each  Uoear  functions  of  the  layer  thicknesses. 

In  Figure  2-5,  we  show  the  collection  of  refracted  arrivals  In  the  space-time  domain. 
From  a  large  aperture  receiver  array  in  the  borehole,  with  dense  spatial  sampling,  oae  can 
imagine  recording  and  resolving  these  refracted  paths.  Following  this  is  the  problem  of  inverting 
the  refracted  arrival  information  to  obtain  the  radial  velocity  structure  of  the  formation.  Here, 
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the  issue  of  the  uniqueness  of  the  formation  structure  is  important  Tbit  is,  is  there  only  ooe 
velocity  structure  as  a  Auction  of  r  which  corresponds  to  the  travel-time  curves  which  were 
observed? 


Source-Receiver  Offset,  z 


Flgare  2-8.  The  collection  of  refracted  arrivals  from  each  layer 


In  partial  answer  to  this  question,  we  now  show  that  from  first-arrival- time  information 
only,  the  determination  of  a  consistent  velocity  structure  is  straightforward  but  the  result  is  not 
unique.  To  see  this,  suppose  that  the  first-arrival- time  curve  consists  of  jV  straight  line  segments 
and  also  suppose  that  the  slopes  of  each  segment  can  be  determined  as  well  as  the  t-axis 
intercepts  (i.e.  the  c(<c>'s).  Since  the  slopes  give  the  velocities  directly,  the  layer  thicknesses  can 
be  obtained  as  the  solution  to  the  following  lower  triangular  system  oflinear  equations. 


(2.4) 


where 
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Alternatively,  if  the  minimum  offsets  were  measured,  the  layer  thicknesses  could  also  be  found 
as  the  solution  to  a  different  lower  triangular  set  of  linear  equations.  In  each  case,  the  solution 
to  these  equations  is  unique  and  can  be  solved  efficiently  in  a  recursive  fashion. 

Although  the  solution  to  the  above  set  of  equations  is  unique  and  consistent  with  the 
first-arrival-time  curve,  there  are  an  infinite  number  of  structures  which  have  this  same  first- 
anival-time  curve.  In  Figure  2-6  we  illustrate  the  non-uniqueness  issue  with  a  simple  two-layer 
example.  The  first-arrival-time  curve  for  case  labeled  as  'unique*  in  Figure  2-6  consists  of  three 
straight-line  segments.  At  short  offsets,  the  direct  arrival  is  first  to  arrive,  at  intermediate  offsets 
the  refraction  associated  with  the  first  interface  arrives  first,  while  at  large  offsets,  the  deepest 
interface  arrives  first.  In  the  first-arrival-time  curve  labeled  as  ‘non-unique*,  at  no  offset  does 
the  refracted  arrival  from  the  first  interface  arrive  first.  Here,  the  first-arrival- time  curve  consists 
of  only  two  straight-line  segments  and  a  one  layer  model  can  be  constructed  with  this  same  two 
segmeot  first-arrival-time  curve. 


Source-Receiver  Offset,  r 


Figure  2-4.  Non-uniqueness  of  first-arrival-time  inversion 


As  a  final  note,  in  this  cylindrical!?  layered  formation,  the  absolute  depth  of  the  source  in 
the  hole  is  irrelevant;  only  the  offset  of  the  receiver  from  the  source  is  important.  This  is 
illustrated  m  Figure  2-7  where  we  show  the  first-arrival  curves  associated  with  different  absolute 
depths  in  the  hole.  We  see  that  data  associated  a  given  local  experiment  is  ideally  correlated  with 
all  other  local  experiments.  This  provides  redundancy  into  the  system  which  can  be  exploited  to 
reduce  the  variance  of  the  estimation  enor  without  sacrificing  resolution.  In  effect,  the  travel- 
time  curves  in  Figure  2-7  can  be  averaged  together  in  the  horizontal  direction. 


Figure  2-7.  First-arrival-time  curves  associated  with  different  source  shots 


b.  A  Bedded  Formation  Model 


Now  consider  a  formation  model  in  which  the  only  variation  is  in  the  axial  direction.  In 
Figure  2-8  we  show  an  example  of  such  a  case  where  the  axial  variation  is  piecewise 
homogeneous.  As  before,  if  the  bed  thicknesses  are  small  relative  to  a  wavelength,  the  piecewise 
constant  model  will  accurately  approximate  a  continuously  varying  formation. 


The  axial  propagation  of  headwaves  through  a  system  of  layers  is  complicated  due  to  the 
reflection  and  transmission  of  the  waves  at  each  layer.  For  this  reasoa,  we  only  discuss  the  first- 
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Figure  2-4.  A  bedded  formation  model 

arrival-time  of  refracted  energy  from  such  a  bedded  system  and  ignore  the  multiple  reflections 
and  transmissions.  Furthermore,  a  careful  analysis  of  the  first-arrival-time  curve  is  complicated 
in  the  vicinity  of  the  bed  boundaries.  For  this  reason,  we  only  present  an  approximate  analysis 
here. 

In  Figure  2-9  we  show  the  approximate  first-arrival-time  curve  for  the  system  of  beds 
shown  in  Figure  2-8.  Again,  the  actual  first-arrival-time  curve  differs  slightly  from  this  curve  at 
the  bed  boundaries.  It  is  clear  from  Figure  2-9  that  the  velocities  and  the  layer  depths  and 
thicknesses  can  be  obtained  directly  from  the  first-arrival  curve. 

Data  associated  with  successive  local  experiments  can  be  incorporated  into  the  processing 
as  shown  In  Figure  2-10.  There,  we  show  the  first-arrival-time  curves  associated  with  different 
local  experiments.  It  is  clear  from  this  figure  that,  in  estimating  the  velocity  in  a  particular  layer, 
one  should  effectively  average  the  first-arrival-time  curves  in  the  vertical  direction.  In  addition, 
the  averaging  process  will  reduce  the  estimation  variance  without  sacrificing  axial  resolution. 
This  vertical  averaging  is  contrasted  to  the  case  of  cylindrical  layers  in  which  we  averaged 
horizontally. 
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Flgtura  2-9.  An  approximate  firs t-ar rival- time  curve  for  a  bedded  formation  model 


e.  A  H«tarogan«ooi  Formation  Model 

Finally,  consider  a  formation  model  which  varies  in  both  r  and  z,  but  not  in  8.  In  Figure 
2-11  we  show  first-arrival-time  curves  for  such  a  formation  model  for  successive  local 
experiments.  Intuitively,  we  expect  that,  if  there  is  no  radial  variation  in  the  formation,  then 
Figure  2-11  will  look  like  Figure  2-10.  That  is,  the  slope  of  each  first-arrival-time  curve  will  be 
the  same  at  each  depth.  On  the  other  hand,  if  the  formation  contains  radial  variation,  but  no 
axial  variation,  then  Figure  2-11  will  look  like  Figure  2-7.  That  is,  the  curves  in  Figure  2-11  will 
ail  be  the  same  shape  but  will  be  translated  horizontally  with  respect  to  each  other.  Deviations 
from  these  conditions,  then,  indicate  the  presence  of  both  radial  structure  and  horizontal 
bedding. 

The  interesting  theoretical  issue  in  this  more  complicated  formation  model  is  how  to 
interpret,  or  invert,  the  first-arrival-time  curves  in  the  presence  of  both  radial  and  axial  variation. 
First-arrival-time  information  by  itself  will  not  be  sufficient  to  image  the  formation  everywhere. 
However,  the  derivative  of  the  first-arrival-time  curve  associated  with  a  particular  source  shot 
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Vigor*  2*10.  First-arrival-time  curves  for  successive  source  shots 

and  evaluated  at  a  particular  absolute  depth  corresponds  to  a  velocity  io  the  formation 
somewhere.  The  inversion  problem,  then,  is  to  identify  this  spatial  point.  This  is  illustrated  in 
Figure  2-12.  Viewed  in  this  light,  the  travel-time  inversion  problem  is  one  of  positioning,  or 
migrating,  the  velocities  observed  on  the  borehole  axis  to  their  proper  positions  in  space. 

<L  Conclusions 

The  conventional  refraction-based  approach  to  processing  acoustic  logging  data  can  be 
viewed  as  a  restricted  case  of  travel-time  inversion  in  which  the  formation  is  modeled  as 
homogeneous  and  the  correlation  between  successive  local  experiments  is  not  exploited.  With 
this  viewpoint,  the  arrival-time  curves  across  the  array  aperture  are  approximated  by  straight 
lines  and  variation  with  depth  is  resolved  if  the  straight  line  estimates  from  successive  local 
experiments  changes.  If  the  array  is  many  wavelengths  long,  and  if  it  shifts  only  a  fraction  of  its 
aperture  between  successive  source  shots,  then  this  approach  will  produce  stable  estimates  at  the 
expense  of  axial  resolution.  Furthermore,  if  the  formation  variation  in  r  is  insignificant,  then 
from  our  analysis  earlier,  higher  resolution  estimates  can  be  obtained  with  no  loss  in  stability  by 
averaging  the  arrival-time  curves  vertically  thereby  exploiting  the  correlation  between  successive 
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Figura  2*11.  First-arrival-time  curves  for  a  heterogeneous  formation  model 

source  shots. 

A  subset  of  the  travel-time  inversion  problem  is  the  first-arrival-time  inversion  problem. 
Here,  there  is  an  issue  of  uniqueness  as  we  saw  in  the  case  where  the  formation  model  varied 
radially,  but  not  axially.  Of  fundamental  concern  then  is  the  characterization  of  the  set  of 
formation  models  consistent  with  the  first-arrival-time  information  and  the  identification  of  any 
additional  restrictions  which  can  be  imposed  to  make  the  inversion  problem  unique. 

The  extension  of  the  refraction-based  method  to  an  axially  and  radially  heterogeneous 
formation  model  represents  an  area  for  future  theoretical  research.  In  general,  the  problem  can 
be  thought  of  as  one  of  migrating  the  velocities  measured  on  the  borehole  axis  into  their  proper 
spatjal  positions.  If  successful,  such  a  method  would  produce  a  2D  image  of  the  velocity 
structure  of  the  formation. 

2.4.3  Sefractiou  Tomography 


The  problem  addressed  ir.  tomography  is  the  reconstruction  of  an  object  from  a  set  of  its 
projections  (i.e.  line  integrals  of  its  properties).  In  general,  the  more  projections,  or  views,  of 


Figure  2-12.  A  migration  interpretation  of  travel-time  inversion 

the  object  that  one  has,  the  better  the  reconstruction,  or  image. 

The  time  at  which  a  particular  refraction  arrives  is  equal  to  an  integral  of  the  slowness  (i.e. 
Inverse  velocity)  of  the  velocity  structure  along  the  ray  path  which  the  energy  followed.  In  this 
sense,  the  arrival  time  is  a  projection  of  the  formation  slowness  structure.  A  collection  of 
source-receiver  pairs  results  in  travel-time  information  from  one  depth  to  another,  denoted 
f<zi,r2).  From  projections  of  this  type,  one  can  consider  reconstructing  the  velocity  structure  of 
the  formation. 

The  primary  complication  with  the  application  of  tomographic  concepts  to  the  refraction 
geometry  is  the  fact  that  the  ray  paths  are  unknown.  However,  the  ray  paths  are  not  random, 
but  depend  upon  the  velocity  structure  itself.  Given  the  velocity  structure,  one  can  solve  for  the 
ray  paths,  and  conversely,  given  the  ray  paths,  one  can  solve  for  the  velocity  structure.  This 
observation  suggests  that  an  iterative  processing  approach  might  be  appropriate.  In  such  an 
approach,  one  might  assume  that  the  ray  paths  are  known  and  then  reconstruct  the  velocity 
structure.  Following  this,  the  ray  paths  can  be  recomputed,  which  will  then  lead  to  a  new 
velocity  structure,  The  process  will  repeat  in  this  manner  until  convergence  is  achieved. 
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All  the  rays  which  pass  through  a  given  depth  interval  should  be  used  in  reconstructing 
the  velocity  structure  in  that  region.  Ray  paths  which  pass  through  the  region  currently  being 
reconstructed  and  into  a  region  not  yet  reconstructed  will  not  be  useful.  Thus,  one  can  imagine 
that  the  formation  velocity  structure  has  been  reconstructed  from  the  bottom  of  the  hole  up  to 
some  point  and  the  problem  is  to  extend  the  reconstruction  upwards  by  some  amount,  Rays 
starting  in  the  region  already  reconstructed  but  ending  in  the  interval  currently  being 
reconstructed  will  be  used  in  the  current  reconstruction.  The  reconstruction  process  can  then 
proceed  in  small  steps  from  the  bottom  of  the  hole  upwards. 

IS  The  Propoeed  Reflection-Baaed  Method 

A  distinctly  different  approach  to  acoustic  well  logging,  and  the  approach  investigated  in 
this  thesis,  is  based  on  a  principle  of  reflection,  rather  than  refraction.  In  such  an  approach,  a 
receiver  array  is  placed  in  close  proximity  to  the  source  so  that  the  primary,  or  spectral,  reflection 
off  the  formation  wall  will  be  received.  The  processing  will  then  analyze  the  measured  reflection 
in  order  to  team  about  the  formation. 

The  major  complications  encountered  in  a  reflection  measurement  are  the  presence  of 
multiple  reflections  and  the  presence  of  a  large  direct  arrival  from  the  source.  These  additional 
arrivals  at  the  receiver  array  disturb  the  measurement  of  the  primary  reflection  and  must  be 
compensated  for  in  some  manner.  Following  this  is  the  issue  of  interpreting  the  primary 
reflection  in  terms  of  the  formation  parameters  of  interest. 

From  Chapter  I  we  saw  that  the  primary  reflection  can  be  parameterized  using  the  concept 
of  the  cylindrical  wave  reflection  coefficient.  This  concept  will  be  fully  developed  io  the  next 
chapter.  In  this  section,  we  present  the  theoretical  cylindrical  wave  reflection  coefficient 
associated  with  a  homogeneous  formation  model  and  discuss  its  interpretation  In  terms  of  the 
parameters  of  the  formation.  Radially  varying  formation  models  are  not  discussed  here.  In  the 
remaining  chapters,  we  treat  the  estimation  of  the  reflection  coefflctent  from  the  sum  of  all  the 
reflected  arrivals,  but  with  no  direct  arrival.  The  issue  of  the  direct  arrival  from  the  source  is  not 
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considered  here. 

We  begin  this  section  with  a  space-time  domain  interpretation  to  the  reflection  coefficient 
and  follow  this  with  some  insights  into  the  frequency-wavenumber  domain.  In  particular,  we  will 
emphasize  the  sensitivity  of  the  reflection  coefficient  to  the  formation  sound  speeds,  attenuations 
and  density. 


S.8.1  A  Space-Time  Domain  Interpretation 

We  denote  the  cylindrical  wave  reflection  coefficient  as  R(kt,u)  and  its  2D  Fourier 
transform  by  r(z,t).  Specifically, 


r  jf  f  *<£.,«)  e~lml  e*'*  dk,  do, 
(2*r  _r„ 


(2.6) 


We  refer  to  r(z,t )  as  the  reflection  coefficient  signal. 

In  Figure  2-13  we  show  3  waveforms  representing  the  reflection  coefficient  signal 
convolved  with  the  Hilbert  transform  of  the  source  pulse  (i.e.  s*  (r)  *  r{z,t ))  for  three  different 
offsets  from  the  source.  The  formation  model  associated  with  these  signals  is  perfectly  elastic 
and  homogeneous.  The  method  used  to  generate  these  waveforms  is  discussed  in  Chapter  IV. 
In  this  figure,  one  can  see  that  the  primary  reflection  off  the  formation  takes  the  form  of  a  single 
wavelet  at  short  offsets  from  the  source  but  spreads  into  three  distinct  wavelets  with  increasing 
offset.  The  first  wavelet  to  arrive  is  the  first  compressional  headwave  and  the  second  is  the  first 
shear  headwave.  The  third  wavelet  is  actually  the  sum  of  two  arrivals  traveling  at  roughly  the 
same  speed  so  that  they  are  difficult  to  resolve.  One  of  the  components  of  the  third  wavelet  is  a 
reflection  off  the  formation  wall  while  the  other  is  a  surface  wave  attached  to  the  fluid/solid 
Interface.  The  surface  wave  propagates  slightly  slower  than  the  reflected  wave,  which  travels  at 
the  fluid  speed,  and  is  closely  related  to  the  Stoneley,  or  tube,  wave  present  in  the  full  acoustic 
signals  [33]. 
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Figure  2-13.  The  primary  reflection  at  three  source-receiver  offsets 


Figure  2-14.  The  reflected  component  of  the  total  field  at  three  source-receiver  offsets 
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In  Figure  2-14  we  show  three  wevefonns  representing  the  reflected  component  of  the  tout 
field  for  the  same  three  offsets  shown  in  Figure  2-12.  The  amplitude  scale  in  Figure  2-14  has 
been  scaled  down  by  a  lector  of  2  relative  to  Figure  2-12.  Physically,  the  reflected  component  of 
the  total  field  corresponds  to  the  sum  of  the  primary  reflection  and  all  the  multiple  reflections. 
The  total  pressure  field  on  the  axis  of  the  borehole  is  obtained  by  adding  the  direct  arrival  from 
the  source  to  each  of  these  signals. 

Note  that  the  first  compressions!  and  shear  head  waves  can  be  identified  in  2-14  by 
comparing  the  waveforms  with  those  in  Figure  2-13.  Furthermore,  note  in  2-14  that  these  first 
head  waves  are  followed  by  a  series  of  multiple  headwaves  not  present  in  the  reflection  coefficient 
signals.  In  addition,  following  the  first  shear  headwave  in  2-14,  the  waveforms  become  more 
difficult  to  interpret.  In  the  first  waveform  (corresponding  to  zero  offset  from  the  source)  the 
individual  reflections  of  the  source  pulse  can  be  resolved.  Note  that  each  successive  reflection 
has  a  distinct  change  in  shape.  Furthermore,  every  fourth  reflection  has  roughly  the  same  shape. 
This  is  due  to  the  fact  that  each  successive  reflection  is  roughly  the  Hilbert  transform  of  the 
previous  reflection  (311.  In  the  second  waveform  (a  41*  offset),  we  begin  to  see  modal 
phenomena  following  the  first  shear  headwave,  while  in  the  third  waveform  (a  S  3*  offset)  the 
modal  phenomena  more  evident.  The  large  feature  in  this  waveform  is  the  Stoneley,  or  tube, 
wave. 


From  this  comparison  of  Figures  2-13  and  2-14,  we  conclude  that  2-14  is  dominated  at 
large  offsets  by  the  interference  effects  of  the  multiple  reflections  (i.e.  the  modes),  while  2-13  is 
not  Rather,  the  reflection  coefficient  signals  clearly  delineate  the  headwave  arrivals.  The  fact 
that  these  arrivals  are  well  separated  is  usefril  since  these  wavelets  travel  a  path  within  the 
formation  itself  and  will  be  sensitive  to  the  formation  parameters.  At  the  very  least,  the  arrival 
times  of  these  wavelets  can  be  used  to  infer  the  compressions!  and  shear  sound  speeds  in  the 
formation.  The  signals  io  Figure  2-14  contain  significant  energy  which  has  traveled  a  path  within 
the  fluid  column  and  this  energy  is  not  as  formation  dependent  as  the  first  headwaves. 


In  Figure  2-15  we  show  a  100  receiver  array  of  synthetic  reflection  coefficient  signals  from 


which  the  tat,  middle  and  last  signals  were  plotted  in  Figure  2*13.  This  array  is  plotted  in  • 
variable  density  lot  (VDL)  format  when  the  grey-scale  indicates  amplitude.  In  Figure  2-16  we 
show  die  corresponding  100  receiver  array  of  theoretical  reflected  field  waveforms.  The 
transition  from  individual  reflections  at  short  offsets  to  modal  phenomena  at  targe  offsets  can  be 
sees  in  Figure  2-16-  This  behavior  is  absent  in  Ficon  2-15  because  then  is  no  multiply 
reflected  energy.  Furthermore,  the  compressiooel  and  shear  velocities  are  easier  to  identify  in 
2-15  than  2-16. 


1U  A  #reqnewey-Wav«w amber  Domnin  Interpretation 

In  Figure  2-17  we  show  a  perspective  plot  and  a  contour  plot  of  the  magnitude  of  the 
cylindrical  wave  reflection  coefficient  aa  a  Auction  of  frequency  and  wavenumber.  Note  the  dear 
delineation  of  the  compressions!,  sheer  and  fluid  speeds  in  the  problem  and  in  addition,  note  (he 
tarp  thin  ridge  at  a  slope  corresponding  to  e  spend  just  slower  than  the  fluid  speed.  This  is  e 
Stooeiey  wave  feature  and  is  responsible  tot  exciting  the  surface  wave  discussed  earlier. 

In  the  first  signal  in  Figure  2- IS,  we  show  a  slice  of  the  reflection  coefficient  shown  in 
Figure  2-17  and  made  at  a  constant  value  of  axial  wavenumber.  This  slice  contains  all  the 
features  of  the  2D  reflection  coefficient  and  we  discuss  its  interpretation  here. 

Starting  at  high  frequencies,  note  that  the  reflection  coefficient  magnitude  approaches  a 
constant  final  value.  This  value  is  given  by  the  piane  wave  reflection  coefficient  at  normal 
laddenee  for  the  analogous  problem  of  a  liquid/solid  interface  In  a  planar  geometry.  Specifically, 
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when  p  denotes  the  density  in  the  fluid  (i.e.  mud),  pt  denotes  the  density  in  the  formation  and 
v,  aod  are  the  compressiooal  speed  In  the  formation  and  the  compressional  speed  in  the  fluid 
respectively.  We  conclude  that  the  high  frequency  limit  of  the  reflection  coefficient  is  sensitive 


to  the  densities  aod  velocities  of  the  media. 
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Figure  1-18.  A  slice  of  the  reflection  coefficient  and  sensitivity  to  attenuation 


Moving  down  in  frequency,  the  sharp  peak  at  25  KHz  corresponds  to  the  excitation  of  the 
compressional  headwave.  The  frequency  and  wavenumber  associated  with  this  feature 
correspond  to  an  incidence  angle  equal  to  the  compressional  critical  angle.  At  this  angle,  there  is 
no  transmitted  shear  wave  into  the  formation  and  the  transmitted  compressional  wave  is  critically 
refracted.  If  the  reflection  coefficient  were  sampled  more  finely  in  this  figure,  we  would  see  it 
jump  up  to  unity  magnitude  at  this  point.  These  same  comments  apply  to  the  perspective  plot  in 
Figure  2-17. 


Between  11  and  14  KHz,  the  reflection  coefficient  is  seen  to  have  a  magnitude  of  unity. 
On  either  side  of  this  region,  the  reflection  coefficient  drops  off  sharply,  giving  the  image  of  a 
table  top.  For  this  reason,  we  will  frequently  refer  to  this  as  the  table  region  of  the  reflection 
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coefficient.  Incident  cylindrical  waves  havini  frequencies  and  wavenumbers  in  this  region  are 
totally  internally  reflected  and  do  not  transmit  propagating  waves  into  the  formation.  The  right 
edge  of  the  table,  at  14  KHz,  corresponds  to  incidence  at  the  shear  critical  angle.  At  this 
frequency  and  wavenumber,  the  transmitted  shear  wave  becomes  critically  refracted.  The  left 
edge  of  the  table,  at  11  KHz,  corresponds  to  grazing  incidence.  At  this  point,  the  axial 
component  of  wavenumber  is  equal  to  the  total  wavenumber  so  that  there  is  no  radial 
component.  At  frequencies  below  11  KHz,  the  radial  component  of  wavenumber  becomes 
imaginary,  indicating  that  there  will  be  exponential  attenuation  in  the  radial  propagation  out  to 
the  formation  wall  and  back.  For  this  reason,  the  reflection  coefficient  drops  off  exponentially. 
The  exception  to  this  rule  is  the  sharp  peak  occuring  at  roughly  10  KHz.  This  peak  corresponds 
to  the  excitation  of  an  interface  wave  closely  related  to  the  Stoneley,  or  tube,  wave  which  is 
prominent  in  full  acoustic  waveforms.  Note  that  this  wave  is  excited  by  an  inhomogeneous 
incident  cylindrical  wave  (i.e.  the  axial  component  of  wavenumber  is  larger  than  the  total 
wavenumber)  and  that  the  reflection  coefficient  has  unity  magnitude  at  this  point.  This  is  unlike 
the  analogous  situation  in  a  planar  geometry  where  the  plane  wave  reflection  coefficient  is  infinite 
at  the  wavenumber  associated  with  a  surface  wave  II 5]. 

In  the  remaining  four  signals  in  Figure  2-18  we  show  the  effects  of  introducing  attenuation 
into  the  formation  model  and  into  the  borehole  fluid  medium.  There  are  three  sound  speeds  in 
this  model,  re,  v,  and  vf,  and  we  model  atteouatioa  by  adding  a  small  negative  imaginary 
component  to  each  speed  (21.  In  the  second  signal  in  the  figure,  we  have  added  an  imaginary 
component  of  compressiooal  speed  equal  to  1/40  of  the  real-part  while  keeping  the  other  two 
speeds  real-valued.  Note  that  the  dominant  effect  of  introducing  only  compressiooal  attenuation 
Is  to  smear  out  the  comptessional  feature  at  25  KHz.  Similarly,  in  the  third  figure,  we  introduce 
only  shear  attenuation  and  again  make  the  imaginary  part  1/40  of  the  real-part.  Here,  we  see 
that  the  compressiooal  feature  returns,  but  the  right  edge  of  the  table  region  is  rounded  off.  This 
is  expected  since  this  area  is  associated  with  the  shear  critical  angle.  The  fourth  signal 
corresponds  to  Introducing  the  same  amount  of  attenuation  into  the  fluid  medium,  but  none  in 
the  formation.  Note  that  this  rounds  off  the  left  side  of  table  region,  as  expected,  but  also 
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raduces  the  amplitude  at  all  frequencies.  This  is  because,  at  all  frequencies,  the  wave  must 
propagate  from  the  axis  to  the  formation  and  back  within  the  fluid.  The  final  signal  in  Figure  2- 
13  shows  the  effect  of  adding  imaginary  velocity  components  of  1/40  of  the  real-parts  to  all  three 
velocities.  Comparing  the  elastic  case  to  this  case,  we  see  that  they  are  significantly  different. 

We  conclude  that  the  reflection  coefficient  has  features  which  are  sensitive  to  the 
formation  density,  velocities  and  attenuations.  Furthermore,  these  parameters  affect  the 
reflection  coefficient  in  an  manner  which  is  interpretable. 

As  a  final  note,  in  Figure  2-19  we  show  contour  and  perspective  plots  of  the  sum  of  all  the 
reflections  in  the  frequency-wavenumber  domain  (i.e.  the  reflected  component  of  the  field). 
Here  we  see  that  the  spc  is  in  the  geometry  still  delineate  the  features  in  this  figure,  but  not  as 
clearly  as  in  Figure  2-17.  For  example,  between  the  shear  and  fluid  lines,  corresponding  to  the 
table  region  in  the  reflection  coefficient,  the  figure  is  dominated  by  mountain-range  behavior. 
These  ranges  and  valleys  correspond  to  the  interference  of  the  multiple  reflections.  Because  the 
reflection  coefficient  has  unity  magnitude  in  this  region,  when  constructive  Interference  occurs 
infinitely  high  peaks  can  occur.  Outside  of  this  wedge-shaped  region,  the  reflection  coefficient  is 
less  than  unity  in  magnitude  and,  although  constructive  and  destructive  interference  occurs,  the 
waves  lose  energy  to  the  formation  and  do  not  propagate  as  far.  The  ridges  in  this  region  are 
smaller  and  these  waves  are  referred  to  as  leaky  modes  since  they  continually  leak  energy  into 
the  formation  as  they  propagate. 

18.3  Conclusion* 

We  conclude  that  the  reflected  component  of  the  field  is  dominated  by  interference 
phenomena  while  the  reflection  coefficient  is  dominated  by  the  formation  parameters  of  interest. 
For  this  reason,  we  examine  the  estimation  of  the  reflection  coefficient  from  measurements  of 
the  reflected  component  of  the  field  in  the  remainder  of  this  thesis. 
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KX.  BOBHHOLE  ACOUSTICS 

1.1  Introduction 

Id  order  to  estimate  the  cylindrical  wave  reflection  coefBdent  from  measurements  of  the 
reflected  component  of  the  pressure  field  in  the  borehole,  some  relationship  between  the  two 
must  first  be  established.  In  this  chapter  we  explore  the  propagation  of  acoustic  waves  in 
cylindrical  axi-symmetric  geometries  to  derive  such  a  relationship.  In  Chapter  V,  this  relation 
win  serve  as  the  basis  for  the  development  of  several  signal  processing  models,  one  of  which  will 
be  examined  in  detail  in  Chapter  VI.  In  addition,  a  modal  representation  of  the  field  is 
developed  io  this  chapter  which  will  serve  in  Chapter  IV  as  the  basis  for  the  numerical  evaluation 
of  synthetic  acoustic  fields.  In  this  chapter,  then,  we  build  the  foundation  upon  which  the 
remainder  of  this  thesis  rests. 

We  begin  this  chapter  with  a  study  of  the  properties  of  monochromatic  cylindrical  waves  in 
an  Infinite  homogeneous  fluid  medium.  We  then  place  a  point  source  in  the  medium  and  discuss 
the  representation  of  the  field  due  to  the  source  as  a  weighted  integral  of  cylindrical  waves. 
Following  this,  we  introduce  cylindrical  stratification  into  the  geometry  and  place  the  point 
source,  or  an  array  of  point  sources,  ou  the  axis.  We  then  develop  the  concept  of  the  cylindrical 
wave  reflection  coefficient  and  examine  its  properties.  Finally,  we  derive  an  expression  for  the 
field  in  terms  of  the  cylindrical  wave  reflection  coefficient.  This  expression  is  valid  in  a 
homogeneous  clindrical  region  around  the  axis  which  has  a  radius  just  large  enough  to  include 
the  farthest  receiver  from  the  axis.  In  this  way,  all  the  receivers  are  in  a  homogenous  fluid 
medium.  The  geometry  under  consideration,  then,  is  shown  in  Figure  3-1. 

3.2  Monochromatic  Cylindrical  Waves 

Consider  a  cylindrical  axi-symmetric  coordinate  system  set  in  an  infinite  source-free, 
homogeneous  fluid  medium  with  sound  speed  v/.  Assuming  <*'*'  time  dependence,  the 
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Figure  3-1.  The  ge  try  under  consideration. 


homogeneous  scalar  wave  equation  for  such  a  situation  is  given  by 


(  V1  +  k2 )  p(z,r)  -  0 

where  A:  is  the  total  wavenumber,  given  by  k-v/v/t  and 
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Here,  p(z,r)  denotes  the  monochromatic  acoustic  pressure  ficM  in  the  medium.  Any 
monochromatic  pressure  field  in  a  source-free  region  of  the  medium  must  satisfy  this  equation. 

Solutions  to  equation  (3.1),  with  the  time  dependence  explicitly  included,  are  of  the  form 
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or  any  linear  combination  (i.e.  weighted  integral)  of  terms  of  this  form.  Here,  k,  and  k.  denote 


the  radial  and  axiaJ  components  of  wavenumber  <l.e.  k *  -  k,1  +  kf)  and  A?'*  denotes  a  Hankei 
Auction  of  order  0  and  ‘ype  »,  where  v  -  1  or  2.  Hankei  functions  will  appear  regularly 
throughout  this  chapter  and  in  Table  3-1  we  have  listed  their  most  fundamental  properties  [1]. 
The  relations  in  this  table  will  be  referred  to  frequently. 

The  waves  represented  in  equation  (3.3)  are  termed  mooochromatic  cylindrical  waves  and 
are  analogous  to  the  monochromatic  plane  wave  solutions  in  Cartesian  coordinates.  However, 
the  analogy  is  not  complete.  While  a  plane  wave  is  so  called  because  its  wavefront  is  planar,  a 
cylindrical  wave  does  not  have  a  cylindrical  wavefront.  In  this  sense,  the  terminology  ’cylindrical 
wave*  is  a  misnomer. 

The  interpretation  of  the  waves  in  equation  (3.3)  depends  upon  the  choice  of  the  Hankei 
(Unction  type  and  the  signs  on  the  exponentials.  In  this  thesis,  we  select  the  customary  e~lml 
time  dependence  and,  corresponding  with  this  choice,  we  choose  e**'1  dependence  on  z.  In  this 
way,  for  positive  values  of  <*  and  k,,  waves  of  the  form  e~l<ml  propagate  axially  upward  as 
time  increases.  Also  associated  with  this  choice  of  time  dependence,  the  /f/n  Hankei  function 
has  the  interpretation  of  a  wave  which  is  propagating  radially  outward.  This  interpretation  is 
particularly  evident  when  the  magnitude  of  k,r  is  large  and  we  approximate  H}1)  with  its  large 
argument  limiting  form  (Table  3-1).  Similarly,  A?2>  is  interpreted  as  a  wave  which  is  traveling 
radially  inward. 

It  is  convenient  to  think  of  «  and  v/  as  independent  quantities  in  the  description  of  a 
mooochromatic  cylindrical  wave  and  to  think  of  the  radial  component  of  wavenumber,  k,,  as  a 
dependent  variable.  Specifically,  the  radial  wavenumber  is  given  in  terms  of  the  independent 
variables  by 


K  -  V*2  “  kT 


(3.4) 


where,  as  always,  k  -  mhf.  The  sign  of  the  square  root  in  (3.4)  must  be  chosen  such  that 


arg {kr)  is  greater  than  or  equal  to  zero  but  less  than  n  in  order  that  outward  propagating  waves 
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do  not  grow  with  r.  The  inward  propagating  cylindrical  waves.  If™,  do  grow  with  increasing  r 
foe  this  choice  of  sign  on  k,.  However,  this  is  not  a  problem  since  there  are  no  waves  of  this 
form  propagating  in  from  r  -  t». 

In  this  chapter,  «,  k,  and  v,  will  be  taken  to  be  real-valued  quantities.  While  the  sound 
speed  is  a  positive  quantity,  the  axial  component  of  wavenumber  and  frequency  can  each  be 
positive  or  negative.  Under  these  assumptions,  the  radial  component  of  wavenumber  is  seen 
from  (3.4)  to  be  either  purely  real  or  positive  imaginary,  depending  upon  whether  k2  is  greater 
than  k2  or  not.  If  I;  is  real-valued,  we  say  that  the  wave  is  propagating  (or  homogeneous), 
while  if  k,  is  positive  imaginary,  the  wave  is  non-propagating  (or  inhomogeneous,  or 
evanescent). 

Ill  The  Impedance  of  a  Cylindrical  Wave 

The  radial  component  of  acoustic  impedance,  z,,  is  given  by  the  ratio  of  pressure  to  the 
radial  component  of  the  velocity  field  [6].  That  is, 

l,  -  ■£- 

V'  (3.5) 

The  pressure  and  radial  velocity  are  each  related  to  the  displacement  potential  of  the  acoustic 
field,  d,  by  the  relations  [14] 


p  -  w’pd  v,  -  ~iu^~ 

(3 .6) 

where  p  denotes  the  density  of  the  medium.  Substituting  (3.6)  into  (3.5)  gives  the  impedance  In 
terms  of  the  displacement  potential  as 


Imp  d 


(3.7) 


We  now  identify  the  form  of  z,  for  the  case  where  the  displacement  potential  is  in  the 
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form  of  a  monochromatic  cylindrical  wave.  Specifically,  for  an  outgoing  cylindrical  wave  of  the 
form  4  -  equation  (3.7)  becomes 

wo  #“<*,') 

K  H{l'{k,r)  (jgj 

while  for  an  incoming  wave  of  the  form  4  “  we  find  that 

.  wo  HjHKr) 

kr  Hi»(k,r)  (39) 

In  the  limit  as  A^r— «»,  using  the  large  argument  limiting  forms  given  in  Table  3-1,  we 
find  that  the  cylindrical  wave  impedances  approach  the  impedances  of  their  plane  wave 
counterparts.  That  is 


z~  -  zw_  _  Py/ 

cos(fl)  cosW)  Q  10j 

where  k,  -  k  cos(fl).  In  the  small  argument  limit  (Le.  as  A^/— • 0),  these  Impedances  each 
approach  the  same  form 


t"  ~  zm  ~  /wprln(M 

(3.11) 

We  see  from  this  that  as  /-goes  to  zero  (for  non-zero  k,),  the  impedance  approaches  zero.  This 
peculiar  behavior  of  the  impedance  of  a  monochromatic  cylindrical  wave  near  the  axis  is  unlike 
the  impedance  of  a  plane  wave  which  is  constant  throughout  space. 

3.2.2  The  Energy  Density  of  a  Cylindrical  Wave 

Following  Brekhovskikh  16],  for  time  dependence,  the  radial  component  of  time- 


averaged  energy  density,  or  radial  power  density,  is  given  by 
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</r> 


P  V,' 


(3.12) 


where,  as  before,  p  and  v,  are  the  pressure  and  the  radial  component  of  velocity  of  the  field  and 
<  >  denotes  a  time  average.  Using  (3.6)  we  may  express  </,>  in  terms  of  displacement 
potential  as 


<4> 


-¥*• 


(3.13) 


where  we  have  assumed,  as  always,  that  u  is  real-valued.  This  expression  is  valid  only  for 
positive  values  of  frequency. 

A  statement  of  conservation  of  energy  is  that  the  time-averaged  radial  energy  density  must 
be  non-aegative.  That  is,  it  must  be  true  that 


<fe>  >  0 

(3.14) 

This  statement  means  that  power  can  only  flow  radially  away  from  the  axis,  or  equivalently, 
power  cannot  be  absorbed  by  the  axis. 

Just  as  we  did  with  impedance,  we  now  examine  <lr>  for  the  case  of  incoming  and 
outgoing  monochromatic  cylindrical  waves.  Specifically,  for  <6  -  H,n)(k,r)s  equation  (3.13) 
becomes 


</,> 


Re 


(3.15) 


We  now  examine  this  relation  separately  for  the  case  where  k,  is  real-valued  (i.e.  for  a 
propagating  wave)  and  for  the  case  where  k,  is  positive  imaginary  (i.e.  for  an  evanescent  wave). 
In  the  propagating  case,  equation  (3.15)  reduces  to 
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<4> 


(3.16) 


where  we  have  made  use  of  the  Wronskian  relations  (Table  3-1).  Here,  the  Ur  dependence  is 
due  to  geometrical  spreading.  Specifically,  in  order  for  the  total  energy  to  be  constant  lor  all 
values  of  r,  the  density  most  behave  as  1 Jr.  This  result  differs  from  the  plane  wave  case,  where 
the  energy  density  is  a  constant  throughout  space. 


In  the  evanescent  region,  equation  (3.15)  reduces  to  <  4>  •  0,  indicating  that  there  is  no 
power  How  when  the  radial  component  of  wavenumber  is  positive  imaginary.  This  same  result 
occurs  in  the  plane  wave  case. 


For  the  case  of  an  incoming  cylindrical  wave,  d  “  H^iKr),  in  the  propagating  region, 
we  find  that  </,>  is  given  by  the  negative  of  equation  (3.16)  indicating  that  the  incoming 
cylindrical  wave  carries  energy  toward  the  axis,  on  the  average.  In  the  evanescent  region, 
however,  the  energy  density  in  the  incoming  cylindrical  wave  is  not  zero,  as  it  is  in  the  outgoing 
case.  This  is  because,  for  the  choice  of  the  sign  on  fc,,  the  H,®1  wave  grows  exponentially  rather 
than  decays.  The  result  in  the  evanescent  region  is  given  by 


(3.17) 


The  zero'*  order  Bessel  Auction,  J„  is  given  by  the  sum  of  incoming  and  outgoing 
cylindrical  waves  (Table  3-1),  and  consequently,  takes  on  the  Interpretation  of  a  standing  wave 
radially.  For  such  a  wave,  the  radial  time-averaged  energy  density  is  zero  in  both  the 
homogeneous  and  inhomogeneous  regions. 


3.3  Representation  of  the  Source  Field 

It  is  welt  known  that  the  (direct)  pressure  field  due  to  a  point  source,  with  waveform  s(r), 
In  an  infinite  homogeneous  Quid  medium  of  speed  v/t  located  on  the  axis  of  a  cylindrical 
coordinate  system  at  a  distance  i,  from  the  origin,  is  given  by 
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xit-R,  /  »,) 

where  X,  a  the  distance  from  the  field  point  to  the  source  and  is  given  by 


0.11) 


A,  -  +  V'*  +  (  s  -  S,)' 

(3.19) 

Here  we  see  that  the  signal  observed  at  any  point  in  space  is  simply  a  delayed  and  scaled  version 
a t  the  source  poise.  The  1/K,  decay  is  due  to  geometrical  spreading  in  three  dimensions.  The 
singularity  at  the  source  location  is  due  to  the  point  nature  of  the  source.  Infinite  pressure  is 
required  from  the  point  in  order  to  achieve  a  non-zero  illumination  of  the  medium. 

In  order  to  decompose  the  direct  source  field  into  outward  propagating  cylindrical  waves, 
we  first  recast  <3.13)  in  term  of  the  Fourier  transform  of  the  source  pulse,  Sim),  as  follows 


#<(w)  -  ~  /  Sim)  <“ta' im 


a 20) 


We  then  make  use  of  the  following  identity  [Id] 


4lm*t/  V 


/  mi  /f,<‘>(V)  dk, 


Substituting  (3.21)  into  (3.20)  gives 


(3.21) 


*<*/./)  -  — l-rr  f  f  */  Sim)  H™ik,r)  «~V*  dm  dk, 

-m  -m  l  (3.22) 


This  is  the  desired  source  field  representation.  Note  that  it  is  in  the  form  of  a  2D  Fourier 
transform.  Specifically,  the  2D  transform  of  the  direct  field  over  z  and  r,  with  r  as  a  parameter,  is 
given  by  the  expression  in  brackets  in  (3.22). 
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The  field  due  to  ao  array  of  point  sources  along  the  axis  cm  be  obtained  as  (he  sum  of  the 
fields  associated  with  each  of  the  points  which  comprise  the  strap.  Specifically,  for  a  source 
medal  distribution  of  the  form  diz)  Hr),  the  field  is  obtained  by  multiplying  (3.22)  by  diz,) 
and  integrating  over  all  r,.  It  follows  directly  that 

Pjii.r.t)  -  f  f  (  */  Sim)  D  (kj)  H™ik,r)  I  dm  dk, 

(2*)*  1  1  (3.23) 

where  DikJ  is  the  Fourier  transform  of  diz).  The  direct  pressure  field  due  to  a  source  array  is 
necessarily  infinite  in  the  domain  of  the  source  (i.e.  at  r  -  0  and  at  those  values  of  z  such  that 
diz)  *  0)  because  the  field  is  singular  at  each  of  the  point  sources  which  make  up  the 
distribution. 

it  The  Cylindrical  Wave  Reflection  Coefficient 

We  now  complicate  the  geometry  by  surrounding  the  homogeneous  fluid  medium  we  have 
been  considering  with  a  cylindrical!/  stratified  solid  formation  and  consider  the  Interaction  of  the 
cylindrical  waves  which  compose  the  source  with  such  a  formation  model.  Specifically,  in 
equation  (3.23)  the  field  due  to  the  source  was  decomposed  into  a  weighted  integral  of  cylindrical 
waves  of  the  form 


(3.24) 

This  wave,  in  propagating  radially  outward,  will  enter  the  cylindrical!/  stratified  medium  and  a 
reflected  wave  will  result.  The  reflected  cylindrical  wave  will  carry  information  about  the 
stratified  medium.  Because  we  have  assumed  cylindrical  stratification,  the  reflected  wave  will 
necessarily  be  of  the  form 


R{k,,m)  Hin{k,r)  e*1'  e~'m' 


(3.25) 
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That  la,  a  cylindrical  wave  incident  on  a  cyllndricalJy  stratified  medium  will  result  la  a  refleeted 
cylindrical  wave.  The  frequency  of  the  reflected  wave  is  the  same  as  the  ioddeat  wave  sad  the 
aafie  of  toddence  (l.e.  the  and  component  of  waveaumher)  will  equal  the  angle  of  reflection. 
In  this  sense,  the  cylindrical  wave  is  an  eigenfUnction  of  a  cylindrical!/  stratified  medium. 

The  quantity  X  (*,, «)  in  (3.25)  is  referred  to  ss  the  cylindrical  wave  reflection  coefficient 
and  is  the  eigenvalue  associated  with  the  cylindrical  wave  eigenfunction.  The  reflection 
coefficient  is  rigorously  defined  by  the  relations  (3.24)  and  (3.25).  This  coefficient  is,  in  general, 
a  complex-valued  quantity  which  depends  upon  the  frequency  and  Incidence  angle  of  the  Incident 
wave.  Any  information  about  the  stratified  medium  is  summarized  in  this  coefficient. 


14J  An  Impodnace  Formulation 

It  ia  instructive  at  this  point,  and  useful  in  Chapter  IV,  to  express  the  cylindrical  wave 
reflection  coefficient  in  terms  of  the  impedence  functions  diseased  in  Section  3.2.1.  Specifically, 
the  form  of  the  radial  component  of  acoustic  impedance  for  a  displacement  potential  of  the  form 


4  -  /f.n,<V)  +  *  *?*<*/> 


is  obtained  by  substituting  (3.26)  into  (3.7).  The  result  is 


H{"  (k,r)  *  X  H?'  (V) 


If  we  solve  for  X  io  (3.27),  we  obtain  the  result 


*(*,.*) 


H{1)  (*,<•)  z,  -  z~ 
H[n(k,r)  ir-  z* 


where  z"*  and  z*  are  given  by  (3.8)  aod  (3.9). 


(3.26) 


(3.27) 


(3.28) 


We  now  offer  a  physical  interpretation  to  equation  (3.28).  Suppose  that  the  medium 
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which  surrounds  the  axis  is  a  homogeneous  fluid  from  the  axis  out  to  the  borehoie/fonnadoa 
interface,  r—a.  Then,  by  evaluating  (3.28)  at  r-o.  z,  acquires  the  interpretation  of  the  total 
impedance  of  the  formation,  which  we  refer  to  from  now  on  as  z'**,  and  z**  and  z*  are,  as 
before,  the  impedances  of  the  incident  and  reflected  cylindrical  waves.  All  these  impedances  are 
measured  at  the  borehole  wall. 

The  Hankei  Ainctioo  ratio,  HP  I  HP,  represents  the  phase  shift  incurred  in  propagating 
from  the  borehole  axis  out  to  the  formation  and  back  in  the  homogeneous  fluid.  This  is  evident 
from  the  large  argument  limiting  form  for  this  ratio  (Table  3*1)  given  by 


HP  ( M )  _  m,t 
HP  ( M )  *  * 


(3.29) 


Note  that  this  asymptotic  phase  shift  differs  from  that  of  the  plane  wave  case  by  the  factor  of  i 
This  implies  that,  in  the  limit  as  the  cylindrical  wave  reflection  coefficient  approaches  -I 

times  the  corresponding  plane  wave  reflection  coefficient.  This  is  true  since  the  incident  and 
reflected  wave  impedance  terms  in  (3.28)  approach  their  planar  analogs,  as  does  the  impedance 
of  the  solid  formation  (Chapter  IV) . 

Two  degenerate  cases  of  the  cylindrical  wave  reflection  coefficient  are  that  of  a  perfectly 
hard  formation,  z/<M  -  <»,  and  that  of  a  perfectly  soft  formation,  zftrm  -  0.  In  these  cases,  the 
cylindrical  wave  reflection  coefficient  reduces  to 


HP  (M)  ""  “  “  HP  (M)  0.30) 

These  degenerate  cases  are  particularly  useful  when  analytic,  as  opposed  to  numerical,  results  are 
desired. 


t.4i  Implication*  of  Energy  Conservation 
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In  this  section,  we  examine  the  time-evented  radial  energy  density,  <  4> ,  for  the  ease  of 
a  displacement  potential  of  the  form  (3.26).  Upon  snbstitntins  (3.26)  into  (3.13),  we  find  that 


<4>  Re  |uo|a?u<V)+*  «’.m(lcr/)]|^l,»*(V)+R*^,,'(V)] 


For  k,  real-valued,  equation  (3.31)  reduces  to 


<4>  -  T?  (I" 

0.32) 

Here  we  see  that,  for  the  case  of  propagating  cylindrical  waves  the  condition  |/t|  <1  must  be 
true  so  that  <  It>  is  a  non-negative  quantity.  For  aon -propagating  (Inhomogeneous)  cylindrical 
waves,  equation  (3.31)  reduces  to 


</,>  -  2sl±  (  Re(*)  -  |*|  i) 

9f 

In  order  that  <  I,  >  be  noo-aegative,  it  must  be  true  that 


(3.33) 


|A|  <  cos(d)  *  1 


(3.34) 


where  A-  |A|  e1*.  However,  in  order  for  (3.34)  to  be  satisfied,  it  must  also  be  true  that 


Re (A)  »  0 

0.35) 

These  last  conditions  are  even  more  restrictive  than  |A|  <1.  This  evanescent  result  differs  from 
that  of  the  plane  wave  case  where  Frisk  [15]  and  other  have  shown  that  the  plane  wave  reflection 
coefficient  may  become  infinitely  large. 


3.3  The  Acoustic  Field  in  the  Borehole 

The  reflected  wave  in  (3.25)  will  propagate  in  towards  the  borehole  axis  and  give  rise  to 
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an  outward  propagating  wave  again.  In  propagating  out  for  the  second  time,  the  formation  will 
be  encountered  again,  there  will  be  another  reflection  which  propagates  in,  and  then  out,  and  the 
process  continues  ad  infinitum.  Summing  ail  these  wave  gives  the  field  in  the  borehole  due  to 
an  incident  monochromatic  cylindrical  wave.  Ignoring  the  <*'*«  '*'  factor  common  to  each  term, 
we  have 


+  H?Hk,r)  R(k,,<*)  +  +  R3(k.,m)  +  ■  •  • 

I  I1  1  (3.36) 

The  first  term  in  (3.36)  represents  the  initial  incident  cylindrical  wave,  due  to  the  source.  The 
remaining  terms  correspond  to  either  incoming  or  outgoing  waves  having  undergone  some 
number  of  encounters  with  the  borehole  wall. 

To  find  the  total  solution  for  the  field  in  the  borehole  when  the  source  is  a  temporal 
transient,  with  waveform  sit),  and  a  spatial  filament,  with  distribution  d(z)  5 (/■) ,  we  insert 
(3.36)  into  (3.23)  in  place  of  (*,/•).  In  this  way,  the  first  term  will  be  synthesized  into  the 
direct  source  field  and  the  remaining  terms  become  the  total  reflected  field  in  the  borehole  due 
to  the  source.  We  write  this  as  follows 


p(z.r.t)  -  p4{z,r,t)  +  p,(z,r,t ) 

where  pd(z,r,t)  is  given  by  (3.23)  and  p,(z,r,t),  the  reflected  field,  is  given  by 


(3.37) 


2wi  S(m)  C(*J  J,{k,r)  £  **<*,,*) 
•  -1 


-Iml  lk,J  . 

e  e  dJc,d  m 


(3.38) 


Here  we  have  used  the  fact  that  where  J,  is  the  zero'*  order  Bessel  function.  As 

discussed  earlier,  from  the  outgoing  and  incoming  wave  interpretations  of  W,(1>  and  /f»}>,  we 
interpret  J„  as  a  standing  wave  in  the  radial  direction. 


Equations  (3.23),  (3.37)  and  (3.38)  represent  the  ray  theoretic  integral  solution  [31][38j 
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for  the  field  is  the  borehole  in  terms  of  the  cylindrical  wave  reflection  coefficient  and  the  source 
descriptors,  j<r)  and  d(z).  These  relations  are  valid  for  ail  z  and  from  /— 0  oat  to  the  radius 
where  the  cylindrical  stratification  begins  (which  may  be  infinitesimally  close  to  the  axis,  or  as  far 
away  as  the  borehole/formation  interface). 

Rather  than  view  the  field  within  the  borehole  as  a  sum  of  multiply  reflected  waves,  one 
can  alternatively  adopt  a  modal  theory  viewpoint.  In  this  approach,  the  field  within  the  borehole 
Is  assumed  to  be  of  the  form 


Jf<a(krf)  +  A  (*,,«)  J.Uc,r) 

(3.39) 

rather  than  of  the  form  of  (3.36).  Here,  A  is  referred  to  as  the  cylindrical  wave  modal 
coefficient.  Equation  (3.39)  leads  directly  to  the  solution 


Pr(z,t,t) 


S(m)  D(k r)  J, (k,r)  A  (*,,«) 


e’tm'e*xIdk,4m 


(3.40) 


The  locus  of  (A,,*)  pan  for  which  Aikt.m)  is  infinite  define  the  dispersion  relations  for  the 
modes  of  the  cylindrical  waveguide  {5]  [27]  133 1 136]  [42].  This  modal  representation  of  the  field 
will  serve  in  Chapter  IV  as  the  basis  for  the  numerical  evaluation  of  synthetic  acoustic  well 
logging  data. 


li  Comment* 

The  relation  between  R{k.,*)  and  A  ( k,,  <*)  is  given  by 

A(k,,m)  -  2  V  Rm(k.,  a>) 

—  i  (3.41) 

We  can  sum  this  series  in  dosed  form  if  and  only  if  the  reflection  coefficient  is  strictly  less  than 
unity  in  magnitude.  As  we  saw  in  the  last  section,  for  positive  real-valued  frequencies  the 
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reflection  coefficient  is  theoretically  guaranteed  by  conservation  of  energy  to  be  less  than  or  equal 
to  unity  in  magnitude.  It  follows  that  if  there  is  any  attenuation  in  the  geometry  (Le.  if  the 
medium  is  not  perfectly  elastic  everywhere)  then  the  reflection  coefficient  (at  positive 
frequencies)  will  be  strictly  less  than  unity  in  magnitude.  Since  we  can  safely  assume  that  this  is 
the  case,  then  we  can  perform  the  closed  form  sum  to  obtain  the  relations 
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Here,  we  see  that  the  relation  between  A  and  R  is  one-to-one  and  that  the  condition  |/t|  <1 
Implies  the  condition  Re  (A)  >  -1,  and  vice  versa.  In  addition,  the  (k,,m)  pairs  for  which 
R-l  define  the  dispersion  relations  for  the  modes  of  the  waveguide. 


At  negative  real-valued  frequencies,  we  note  from  equation  (3.40)  that  the  modal 
coefficient  must  have  negative  conjugate  symmetry  in  frequency  so  that  the  reflected  component 
of  the  total  field  will  be  real-valued.  That  is. 


Aik,,-*)  --A'ik,,*) 

(3.43) 

In  this  way,  the  transform  of  A  over  frequency  will  be  imaginary-valued  and,  when  multiplied  by 
the  factor  of  /  in  (3.40),  a  real- valued  result  follows.  Using  this  frequency  symmetry  of  A  in 
equation  (3.43)  to  determine  the  frequency  symmetry  in  the  reflection  coefficient,  we  see  that 
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Here  we  see  that  if  R(i^,«)  -  1/2,  then  R(k.,-m)  -  «o.  We  conclude  that  the  reflection 
coefficient  is  not  constrained  to  be  less  than  unity  in  magnitude  at  negative  frequencies  and,  in 
fact,  may  become  infinitely  large. 

The  lack  of  conjugate  symmetry  in  frequency  in  equation  (3.44)  implies  that  the  Fourier 
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transform  of  the  reflection  coeffident  will  be  a  complex-valued  time  signal.  In  addition.  It  can  be 
shown  that  the  Fourier  transform  of  the  reflection  coeffident  is  a  non-causal  time  signal.  These 
two  facts  together  imply  that  the  primary  reflection  of  a  real-valued  causal  source  pulse  off  the 
formation  wall  will  arrive  at  a  receiver  before  t  -  0  and  in  addition,  the  reflection  will  have  a 
complex-valued  pressure  field.  Clearly  this  is  not  physically  meaningful  and  we  conclude  that  the 
representation  of  the  field  in  the  hole  as  a  sum  of  individual  reflections  is  not  physical. 

The  non-physical  nature  of  the  reflection  representation  can  be  argued  on  the  grounds  that 
an  individual  reflection  is  not  measurable.  That  is,  one  cannot  design  an  experiment  to  measure 
an  individual  reflection.  In  any  experiment  an  infinite  number  of  reflections  will  necessarily  be 
generated.  This  is  not  the  case  in  a  planar  waveguide  where  one  side  of  the  guide  can  be 
removed  to  Infinity,  thus  leaving  only  the  primary  reflection.  In  the  cylindrical  case,  as  the 
borehole  radius  becomes  infinitely  large,  there  are  still  an  infinite  number  of  reflections. 

Part  of  the  problem  with  the  physical  interpretation  of  the  individual  reflections  has  to  do 
with  the  lack  of  conjugate  symmetry  in  frequency.  That  is,  if  the  reflection  coefficient  at  negative 
frequencies  were  equal  to  the  conjugate  of  the  reflection  coefficient  at  positive  frequencies,  then 
the  transform  of  the  reflection  coefficient  would  be  real-valued  and  the  reflection  coefficient 
would  be  less  than  unity  in  magnitude  for  both  positive  and  negative  values  of  frequency.  The 
transform  of  the  reflection  coefficient  would  remain  oon-causai,  however.  Nevertheless,  we  will 
find  it  convenient  to  redefine  the  reflection  coefficient  in  this  manner.  From  equation  (3.42),  we 
see  that  if  it  is  conjugate  symmetric,  then  so  is  A.  With  this  observation,  we  can  rewrite  (3.40) 
as 
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and  equation  (3.38)  as 


P,(z,r,t) 


~,ml  j 

e  dk,dm 


(3.46) 


where 


ff(u)  -  2*/  sgn(«) 

(3.47) 

Here,  H(m)  is  recognized  as  a  Hilbert  transform  [26]  and  has  a  Fourier  transform  of  h{t)  —  2 It, 
which  is  noted  to  be  non-causal 


As  a  final  comment,  the  expression  for  the  reflected  component  of  the  total  field  simplifies 
if  r  «■  0  since  the  zero*  order  Bessel  function  has  a  value  of  unity  at  the  origin.  Thus,  if  the 
receivers  are  restricted  to  lie  on  the  borehole  axis,  then  the  Bessel  function  in  equation  (3.45) 
effectively  disappears  from  the  relationship. 


17  Relating  the  Reflection  Coefficient  to  Reflected  Component  of  the  Field 

The-  goal  of  this  chapter  was  to  develop  a  relationship  between  the  reflection  coefficient 
and  the  reflected  component  of  the  field.  We  have  found  that  this  relationship  takes  the  form  of 
a  2D  Fourier  transform  and  that,  if  the  receivers  are  restricted  to  lie  on  the  borehole  axis,  then 
the  relationship  simplifies  considerably.  Specifically,  the  reflected  component  of  the  field  on  the 
axis  is  related  to  the  cylindrical  wave  reflection  coefficient  by 

P,(z,t)  -  ~~r  f  jf  (  MM  S{m)  D(k r)  £  *«(*,,•)  )  e~'m,e*'ldktdm 

C2 \  -i  I  (3.48) 

where  p,(z,t)  will  be  used  to  denote  the  reflected  component  of  the  field  on  the  axis.  Again,  the 
reflection  coefficient  in  this  formulation  is  strictly  less  than  unity  in  magnitude  so  that  the 
integration  and  summation  operations  can  be  interchanged,  or  so  that  the  series  can  be  summed 
in  closed  form.  In  addition,  the  reflection  coefficient  is  conjugate  symmetric  in  frequency  so  that 
it  transforms  to  a  real-valued  time  signal. 
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If  we  now  denote  the  20  Fourier  transform  of  the  reflection  coefficient  as  /(*,/) ,  sad  refer 
to  it  ss  the  reflection  coefficient  signal,  then  we  can  Interpret  equation  (3.41)  in  terms  of  2D 
space-time  invariant  convolutions  as 

P,<Xt)  -  s»( t)  d(z)  "  |  riz,t)  +  /■(z./)**  r{z,t)  +  •  •  •  1 

1  J  (3.49) 

when  *(/)  denotes  the  convolution  of  the  source  pulse  waveform,  r(r),  with  the  Hilbert 
transform,  h  (t)  -  2/t,  and  the  two  asterisks  denote  2D  convolution.  A  block  diagram  of  this  2D 
reverberatory  system  is  shown  in  Figure  3-2. 


Figure  3-2.  Relating  the  reflection  coefficient  to  the  reflected  component  of  the  field  on  the  axis 

3-3  Conclusions 

In  this  chapter  we  developed  a  relationship  between  the  reflection  coefficient  and  the 
reflected  component  of  the  pressure  field  oo  the  axis  of  the  hole.  In  the  remaining  chapters  of 
this  thesis  we  will  discuss  the  estimatioo  of  the  reflection  coefficient  from  measurements  of  this 
field.  The  relationship  we  found  takes  the  form  of  a  2D  reverberation  system  and  the  processing 
problem  we  will  encounter  is  one  of  dereverberation. 

In  deriving  this  relationship,  a  number  of  interesting  aspects  concerning  wave  propagation 
In  cylindrical^  stratified  media  were  uncovered.  In  particular,  the  impedance  and  energy  density 
properties  of  monochromatic  cylindrical  waves,  the  impedance  interpretation  of  the  reflection 
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co  efficient  and  the  implications  of  conservation  of  energy  on  the  reflection  coefficient  were  all 
examined  and  foimd  to  be  different  than  the  analogous  properties  in  a  planar  geometry.  In 
addition,  the  reflection  process  in  a  cylindrical  geometry  was  found  to  be  non-physical,  also 
unlike  the  planar  case.  It  is  felt  that  the  properties  of  cylindrical  waves  and  of  the  cylindrical 
wave  reflection  and  modal  coefficients  which  we  have  studied  in  this  chapter  are  fundamental  to 
a  thorough  understanding  of  wave  propagation  in  cylindricaily  stratified  media. 
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IV.  THX  NUMXBICAL  EVALUATION  OF  STNTHSTIC  DATA 

il  latrodoetioa 

In  this  chapter,  we  develop  a  last  and  accurate  method  for  the  computation  of  arrays  of 
synthetic  acoustic  well  Ionics  waveforms.  In  Chapter  VI  are  will  use  arrays  of  synthetic  data 
federated  by  this  method  to  test  and  evaluate  the  iterative  maximum  likelihood  (ML) 
dereverberation  we  develop  for  estimating  the  reflection  coefficient  (Chapter  V).  The  testing  and 
evaluation  of  the  ML  technique  (or  more  generally,  any  new  processing  method  for  the 
estimation  of  any  formation  parameters)  using  synthetic  data  is  desirable  for  several  reasons. 
Synthetic  data  provides  a  more  flexible  and  controlled  environment  in  which  to  develop  and  test 
a  new  processing  method  than  that  provided  by  either  data  recorded  in  a  laboratory  or  data  taken 
in  the  field.  The  model  which  underiys  the  waveforms  is  known,  as  are  the  parameters  of  the 
model.  This  allows  for  a  meaningful  evaluation  of  an  estimation  technique.  In  the  case  of  actual 
date  in  particular,  the  model  and/or  parameters  are  not  often  known  with  sufficient  confidence  to 
afford  a  meaningful  test.  Also,  with  synthetic  data,  the  level  of  numerical  noise  is  under  some 
control  and  can  often  be  made  negligibly  small.  Furthermore,  there  is  complete  control  over 
the  choice  of  a  source  waveform,  as  well  as  the  number  and  placement  of  the  receiver  array 
elements.  In  both  experimental  laboratory  and  real  data,  the  amount  of  noise  in  the  data  is 
much  harder  to  control,  and  not  often  known,  and  the  instrumentation  system  used  to  acquire 
the  data  is  far  less  flexible.  Following  the  successful  performance  of  a  new  estimation  method  on 
synthetic  data,  the  method  should  then  be  applied  to  laboratory  data,  if  available,  or  to  actual 
well  logging  data  recorded  in  the  field. 

Synthetic  data  is  useful  in  other  acoustic  well  logging  contexts  which  are  not  treated  in  this 
thesis.  For  example,  arrays  of  synthetic  waveforms  are  useful  as  an  aid  in  interpreting  and 
understanding  actual  sonic  well  logging  waveforms.  The  influence  of  formation  parameters  on 
the  data  is  often  complicated  and  not  well  understood.  Arrays  of  theoretical  waveforms 
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coirespooding  to  arbitrary  choices  of  formation  parameters  can  be  used  to  study  their  effects. 
Also,  in  a  related  area,  synthetic  data  can,  in  theory,  be  used  in  an  snaJysis-by-syn thesis  approach 
to  data  inversion.  In  such  a  scheme,  synthetic  data  is  generated  to  match  actual  data  as  dosely  as 
possible.  The  estimates  of  the  formation  parameters  are  then  taken  to  be  the  parameters  of  the 
theoretical  model  of  the  formation.  In  practice,  a  series  of  iterations  on  the  set  of  formation 
parameters  will  be  required  before  convergence  to  a  dosest  match  occurs. 

iU  Previous  Work 

The  primary  reference  on  the  subject  of  numerically  generating  synthetic  acoustic  well 
logging  waveforms  is  a  paper  by  Tseng  and  Rader  137],  In  this  paper,  a  'real  axis  integration* 
method  is  developed  for  the  numerical  evaluation  of  an  individual  waveform.  The  emphasis  in 
this  work,  however,  is  on  the  issue  of  numerical  accuracy  while  the  associated  issue  of 
computation  time  is  largely  ignored.  We  have  found  that  while  the  method  is  numerically  stable, 
it  can  consume  inordinate  amounts  of  computation  time  because  of  the  large  number  of  Hankel 
functions  which  must  be  repeatedly  evaluated  for  complex-valued  arguments.  Furthermore, 
when  an  entire  array  of  synthetic  waveforms  in  needed,  the  individual  generation  of  each 
waveform  in  the  array  using  this  approach  is  certain  to  be  prohibitively  slow. 

Other  literature  involving  the  generation  of  synthetic  data  [9]  132]  [40]  contain  surprisingly 
few  details  concerning  the  method  which  was  used.  These  papers  used  synthetic  data  as  an  aid  to 
understanding  wave  propagation  In  the  borehole  and  consequently,  the  numerical  aspects  of  how 
the  data  was  computed  were  of  secondary  importance.  This  is  particularly  true  of  the  two  papers 
which  appeared  prior  to  the  Tsang  and  Rader  paper;  one  by  White  and  Zechman  [40]  and  the 
other  by  Rosenbaum  [32].  In  the  more  recent  paper  by  Cheng  and  Toksoz  [9],  Tseng’s  ’real 
axis*  method  was  used,  but  details  on  issues  of  numerical  accuracy  and  computation  time  were 
not  included. 

iU  Contribution  of  this  Work 
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b  bis  chapter,  unlike  the  previous  efforts,  we  piece  the  major  emphasis  on  minimizing 
the  computation  time  for  a  given  level  of  numerical  accuracy.  Briefly,  we  adapt  Tseng’s  ‘reel 
axis*  method  so  that  it  will  compute  entire  arrays  of  waveforms  simultaneously,  and  we  speed  up 
the  method  through  the  use  of  a  table  lookup  and  interpolation  scheme  for  the  repeated 
evaluation  of  Henkel  functions  for  complex*  valued  arguments. 

More  specifically,  the  major  contribution  of  this  chapter  is  in  the  efficient  evaluation  of  the 
modal  coefficient  on  a  grid  in  the  frequency- wavenumber  domain.  The  repeated  evaluation  of 
this  coefficient  is  responsible  for  the  overwhelming  majority  of  the  computation  time  required  to 
generate  synthetic  data.  In  fact,  a  percentage  reduction  in  the  time  to  evaluate  this  coefficient 
translates  to  roughly  the  same  percentage  reduction  in  the  overall  computation  time.  A  closer 
inspection  reveals  that,  within  the  theoretical  expression  for  the  modal  coefficient,  there  are  a 
number  of  Hankel  functions  which  must  be  evaluated  for  complex-valued  arguments.  This 
differs  from  the  analogous  problem  lo  a  planar  geometry,  where  only  trigonometric  function 
evaluations  are  required  and  consequently,  date  can  be  rapidly  generated.  The  evaluation  of  the 
Hankel  functions  using  a  dedicated  evaluation  subroutine  has  been  found  to  consume  essentially 
all  of  the  computation  time.  In  this  chapter  we  show  that,  for  the  specific  case  of  an  infinite 
homogeneous  solid  formation  model,  the  use  of  a  table  lookup  and  interpolation  scheme  for  the 
evaluation  of  these  special  functions  results  in  roughly  an  order  of  magnitude  savings  in 
computation  time,  relative  to  the  direct  evaluation  approach.  This  remarkable  savings  easily 
outweighs  the  modest  increase  in  storage  requirements  needed  to  accomodate  the  table. 

With  the  savings  in  computation  time  reported  here,  fast  table-based  methoo.  have  since 
been  developed  for  the  layered  formation  model  [7]  [8).  Furthermore,  the  development  of 
aoalysis*by*synthesis  methods  for  data  Inversion  in  borehole  applications  may  now  be  feasible,  as 
they  are  in  planar  problems.  This  is  the  subject  of  ongoing  research  and  may  eventually  have  a 
significant  effect  on  the  way  data  from  the  from  the  field  is  processed. 


4.1.3  Overview  and  Outline 
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In  thin  chapter,  we  consider  the  numerical  evaluation  of  space-time  samples  of  the 
reflected  component  of  the  acoustic  field  along  the  axis  of  a  cylindrical  axi-symmetric  elastic 
geometry.  We  denote  this  field  as  p,iz,t).  The  source  is,  in  general,  spatially  distributed  along 
the  axis  and  is  described  mathematically  by  diz).  Temporally,  the  source  is  a  transient,  with 
waveform  sit).  The  theoretical  expression  for  this  field  was  derived  in  Chapter  in  and  is 
repeated  here. 

mm.  . 

A<A/)  “  ttijT  /  /  ( "  s,n<#)  s(tt)  D {kt)  A j  dk' d* 

To  review,  S(w)  and  D(A^)  denote  the  Fourier  transforms  of  the  source  descriptors,  s(r)  and 
d(z)t  and  A  (kj.m)  is  referred  to  as  the  cylindrical  wave  modal  coefficient.  Physically,  fc,  is  the 
axial  component  of  the  total  wavenumber,  k,  which  is  given  by  Jk  —  «/v/.  This  formulation  for 
the  field  is  a  recast  but  identical  version  of  the  point  source  formulation  presented  by  both  Tsang 
I37J  and  Cheng  [91  (i.e.  when  d(z)-Hz)  and  D( In  this  sense,  this  formulation  is  more 
general. 

The  treatment  of  the  numerical  generation  of  samples  of  p,(z,t)  in  equation  (4.1)  is 
divided  into  3  sections.  In  the  first,  we  briefly  present  Tsang’s  "real  axis  integration"  method  for 
numerically  approximating  equation  (4.1).  In  the  second  part,  we  discuss  the  efficient  evaluation 
of  the  cylindrical  wave  modal  coefficient.  Then,  in  the  third  part,  we  discuss  the  design  of 
parametric  models  for  the  source  descriptors,  sit)  and  diz). 

O  Tseng's  "Beal  Axis  Integration’  Method 

In  this  section  we  discuss  the  discretization  and  approximation  of  the  continuous  2D 
Fourier  transform  representation  of  the  field  given  In  equation  (4.1).  Our  approach  will  be  to 
truncate  the  limits  of  integration  and  sample  the  transform  of  the  field  (i.e.  the  expression  in 
brackets  in  (4.1))  on  a  uniform  grid  in  the  frequency-wavenumber  domain.  We  then 
approximate  the  continuous  transforms  with  discrete  Fourier  transforms  (DFT’s)  and  implement 
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these  using  the  radix-2  fast  Fourier  transform  (FFT)  algorithm.  In  this  way,  entire  arrays  of 
waveforms  are  efficiently  generated.  This  approach  is  different  from  that  of  both  Tsang  137]  and 
Cheng  [91  who  generated  only  a  single  waveform  by  using  Simpson’s  ruie  to  perform  the  axial 
wavenumber  integral.  It  should  be  noted  that  if  only  a  few  waveforms  are  needed,  then  the 
generation  of  each  signal  individually  using  a  Simpson's  rule  approach  wOl  be  faster  than  our 
approach  using  the  FFT  in  which  hundreds  of  waveforms  are  necessarily  generated. 

This  section  is  divided  into  two  parts.  In  the  first,  we  discuss  the  region  of  Crequency- 
waven umber  space  in  which  the  transform  is  significant  and  therefore  must  be  sampled.  By 
avoiding  unnecessary  evaluations  of  the  modal  coefficient,  a  significant  savings  in  computer  time 
will  result.  In  the  second,  we  discuss  the  selection  of  appropriate  sampling  periods  in  both 
frequency  and  wavenumber.  In  this  part,  the  essence  of  the  'real  axis*  method  is  presented. 

ill  The  Region  of  Integration 

The  region  of  (k.,m)  space  in  which  we  must  sample  the  transform  of  the  field  is  defined 
by  the  intersection  of  the  regions  in  which  and  the  product,  S(»)  £>(*.],  are  each 

significant.  This  is  illustrated  in  Figure  4-1.  The  region  of  frequency-wavenumber  space  which 
the  source  excites  will,  in  general,  consist  of  a  set  of  rectangular  shaped  areas  defined  by  the 
intersection  of  the  pass-bands  in  $(«)  and  D(k,).  In  contrast,  the  modal  coefficient  is  significant 
in  a  roughly  triangular  rejrioa  defined  approximately  by  k.  <  mhf.  Outside  this  region,  the  axial 
component  of  wavenumber  is  larger  than  the  total  wavenumber,  implying  that  the  radial 
component  is  imaginary.  Thus,  waves  in  this  region  decay  exponentially  in  the  radial  direction 
and  decay  significantly  in  propagating  out  to  the  wall  and  back.  These  waves  make  a  negligible 
contribution  to  the  field  in  the  hole  and  can  be  neglected. 

4.2.2  The  Selection  of  the  Sampling  Periods 

Having  defined  the  finite  sized  region  of  (k.,m)  space  in  which  we  must  sample  the 
theoretical  transform  of  the  field,  we  now  consider  the  selection  of  appropriate  values  for  the 
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Region  whers  A{kz,aj) 
must  bs  sampled 


Vipn  4-1.  The  region  of  integration 

sampling  periods  in  frequency  and  wavenumber.  Am  and  A*,.  Here  we  develop  the  “Teal  axis 
integration*  method  of  Tsang  from  a  somewhat  different  perspective. 

By  sampling  the  transform  of  the  field  in  the  frequency-wavenumber  domain,  the  effects 
of  aliasing  will  be  present  in  the  synthetic  data.  The  actual  space-time  domain  region  of  support 
of  the  borehole  wavefield  will  be  periodically  reproduced  every  and  ZOJI  in  time  and  space, 
where  7'—.  -  2ir/A«  and  Z— .  -  2w/A Ac,.  In  order  to  ensure  the  numerical  accuracy  of  the 
resulting  synthetic  waveforms,  Tmtt  and  Z»,.  must  be  chosen  large  enough  so  that  the  aliasing  is 
not  significant.  We  now  examine  the  region  of  support  of  the  space-time  field  so  that  appropriate 
values  of  Tau  and  Zmixt  and  consequently,  Aw  and  AA^,  can  be  made. 

In  Figure  4-2,  we  show  the  space-time  region  of  support  for  the  reflected  component  of 
the  pressure  field  on  the  axis  of  the  borehole  for  the  case  of  a  perfectly  elastic  formation  model. 
Note  that  at  loog  source-to-receiver  spacings  the  energy  is  contained  in  a  wedge-shaped  region 
defined  roughly  by  the  maximum  and  minimum  sound  speeds  io  the  geometry.  Because  we 
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have  assumed  that  the  geometry  is  perfectly  elastic,  the  energy  in  each  time  signal  remains 
essentially  the  same  as  the  source-receiver  spacing  increases.  That  is,  no  energy  is  lost  to  the 
formation,  or  equivalently,  the  energy  is  ideally  trapped  in  the  borehole  waveguide  system. 
Because  the  signal  duration  (i.e.  a  horizontal  slice  of  the  wedge  region)  increases  linearly  with 
increasing  spacing,  the  'average  amplitude*  of  the  signal  must  be  decaying  roughly  as  1/Vz  in 
order  that  the  energy  remain  constant  with  z.  This  is  a  slow  decay  rate  and  is  die  reason  why  we 
have  drawn  the  region  of  support  in  Figure  4-2  as  open-ended. 
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Figure  4-2.  The  space-time  region  of  support  of  the  borehole  field 

The  semi-infinite  nature  of  tb-  region  of  support  raises  major  issues  with  respect  to 
aliasing.  Iu  an  effort  to  reduce  the  aliasing  problem,  one  might  consider  deforming  the  contour 
of  integration  from  the  real  frequency  axis  to  a  Laplace  contour,  defined  m  -  <«'  +  ia>"  where 
—9o<  m  <«  and  ui'  is  a  positive  constant.  In  this  way,  equation  (4.1)  becomes 
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By  numerically  evaluating  samples  of  e~m  1  p,(z,t)  instead  of  p,{z,t )  itself,  the  region  of  support 
In  Figure  4-2  is  exponentially  tapered  in  time  and,  in  effect,  becomes  finite  in  size.  In  this  way, 
periodic  reproduction  of  finite  region  will  produce  significantly  less  aliasing. 

The  use  of  a  Laplace  contour  of  integration  in  the  frequency  transform  is  due  to  Tsang, 
who  referred  to  this  approach  as  the  'real  axis  integration*  method  because  the  integration  over 
k,  is  done  along  the  real  A:, -axis.  However,  Tsang  motivated  the  method  from  a  different 
perspective.  For  a  given  real-valued  frequency,  he  located  the  singularities  of  the  modal 
coefficient  in  the  complex  J^-plane  and  found  that,  for  a  perfectly  elastic  geometry,  the 
singularities  lie  on  the  real  A^-axis.  Therefore,  the  modal  coefficient  is  unbounded  at  places  on 
the  contour  where  we  wish  to  sample  it.  To  circumvent  this  problem,  Tsang  showed  that  the 
singularities  move  off  the  real  A^-axis  if  the  frequency  is  made  complex-valued.  Furthermore,  he 
showed  that  the  distance  they  move  off  is  at  least  a  distance  of  where,  as  always,  the 

double  prime  denotes  the  imaginary  part  and  you  denotes  the  fastest  speed  in  the  problem. 
Given  this  guaranteed  separation  between  the  singularities  and  the  path  of  integration,  a 
selection  of  AA^  -  <o73v0f,  was  made  to  insure  that  the  most  rapid  variation  in  the  modal 
coefficient  is  captured. 

The  selection  of  Am'  is  made  by  appealing  to  the  causality  of  />,(:,»)  in  time  for  all  values 
of  x  For  <~'ml  time  dependence,  the  transform  of  this  field  over  time  must  be  analytic  in  the 
upper  half  of  the  complex-valued  <u-plane.  Since  a  Laplace  contour  is  used  in  the  frequency 
integral,  we  are  precisely  a  distance  of  <*”  from  the  lower  half  plane  and  a  selection  of  Au>’  -  u>"/5 
was  made  to  insure  adequate  sampling. 

The  selection  of  u>*  will  depend  to  some  degree  on  the  precision  of  the  computer  system 
being  used.  To  sec  this,  consider  the  tradeoff  involved  io  the  selection  of  this  parameter  "r 
would  ideally  like  to  make  a."  as  large  as  possible  so  that  the  sampling  periods  j  -  * -,■■■  . 
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computation  can  bo  saved.  However,  having  numerically  generated  die  integral  in  (4.2),  an 
exponentially  increasing  taper  wiil  be  applied  to  the  result.  This  win  magnify  any  nomerical 
errors  associated  with  the  approximation  of  the  integral  and,  in  effect,  ensures  us  that  as  time 
increases,  the  noise  will  eventually  overtake  the  signal.  In  order  to  ensure  a  high  level  of 

numerical  accuracy  in  the  waveforms  out  to  a  time  t _ we  have  found  a  selection  of  w"  -  3/w 

to  be  adequate.  However,  this  selection  is  tied  to  the  level  of  numerical  noise  in  the  synthetic 
data,  and  therefore,  to  the  selection  rules  for  and  Ale,,  as  well  as  to  the  precision  of  the 

computer  system.  The  selection  rules  stated  were  found  appropriate  on  a  VAX  machine  using 
single  precision  Boating  point  arithmetic  in  which  23  bits  of  storage  are  used  for  the  mantissa, 
implying  roughly  7  decimal  digits  of  numerical  accuracy.  If  double  or  quadruple  precision 
computation  is  used,  it  is  believed  that  the  value  of  t  at  which  the  numerical  noise  dominates  the 
signal  will  increase  considerably.  In  this  way,  u  can  be  decreased  and  a  large  savings  in 
computation  time  will  result,  at  the  expense  of  added  storage. 

The  selection  rules  presented  by  Tsang,  and  also  used  ben,  are  conservative  and  reflect 
our  insistence  on  a  high  level  of  numerical  accuracy  in  the  synthetic  waveforms.  If  one  is  wining 
to  tolerate  mlatively  small  numerical  artifacts  in  the  waveforms,  then  the  sampling  periods  can  be 
increased  and  a  significant  savings  in  computation  time  will  result 

4.3  The  Evaluation  of  the  Cylindrical  Wav#  Modal  Coefficient 

In  this  section,  we  present  the  theoretical  expression  for  the  modal  coefficient  associated 
with  an  infinite  homogeneous  solid  formation  and  develop  an  efficient  table  lookup  and 
interpolation  method  for  its  evaluation.  We  also  discuss,  in  less  detail,  the  evaluation  of  the 
modal  coefficient  associated  with  a  formation  model  consisting  of  cylindrical  fluid  layers.  And 
finally,  in  still  less  detail,  we  consider  a  solid  layered  formation  model.  It  is  not  possible  to 
derive  a  theoretical  expression  for  the  modal  coefficient  associated  with  a  continuously  stratified 
cylindrical  axi-symmetric  geometry.  However,  such  a  situation  can  always  be  accurately 
approximated  by  a  system  of  homogeneous  cylindrical  layers  if  the  layer  thicknesses  are  made 


sufficiently  smell  relative  to  the  wavelengths  involved. 

In  Chapter  m,  we  related  the  modal  coefficient,  A  to  the  cylindrioal  wave 

reflection  coefficient,  R  <j^, «) ,  by 


2R(k,.  w) 

l-R{k,,m) 


(4.3) 


Assuming  that  the  fluid  in  die  borehole  is  homogeneous  from  the  axis  out  to  the  formation, 
then,  from  Chapter  m,  we  saw  that  (he  reflection  coefficient  could  be  formulated  in  terms  of 
cylindrical  wave  impedances  as  follows 


;/«"*  —  X~ 


(4.4) 


where  z7*"  denotes  the  total  impedance  of  the  formation,  z*"  is  the  impedance  of  the  incident 
outward  propagating  cylindrical  wave  and  z*  is  the  impedance  of  the  reflected  inward  traveling 
cylindrical  wave.  Ail  the  impedances  are  measured  at  the  formation  wall,  r~a.  The  4  term 
represents  the  phase  shift  incurred  in  propagating  from  the  axis,  out  to  the  wall,  and  back  again, 
and  the  argument  to  this  term  is  the  product  of  the  borehole  radius,  <r,  with  the  radial 
component  of  wavenumber,  kt,  which  is  given  by 


k,  - 


(4.S) 


where  k  - 

While  the  impedance  of  the  formation  depends  upon  the  particuie;  formation  model  under 
consideration,  the  other  quantities  in  <4.4)  do  not  and  are  given  by 


(4.6) 


and 
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Her*,  Z  is  used  to  denote  a  complex-valued  argument.  In  eq.  (4.6),  p  represents  the  density  of 
the  and  in  the  hole  end  in  eq.  (4.7),  denotes  a  Henkel  function  of  order  m  and  type  «. 

In  this  section,  we  consider  three  models  for  the  formation  and,  in  two  cases,  their 
associated  impedance  expressions.  These  impedances  are  then  incorporated  into  (4.4)  to  obtain 
the  theoretical  expression  for  the  reflection  coefficient,  and  in  turn,  in  (4.3),  to  obtain  the  modal 
coefficient.  We  have  found  this  nested  type  of  representation  of  the  modal  coefficient  to  be 
preferable  to  that  used  by  both  Tsang  and  Cheng,  who  each  examined  the  particular  case  of  an 
infinite  homogeneous  solid  formation  model.  The  representation  of  the  modal  coefficient  which 
we  use  has  a  physical  interpretation  in  terms  of  the  reflection  coefficient  and  impedances,  has  a 
one-to-one  correspondence  with  the  analogous  problem  of  a  planar  liquid/solid  interface 
geometry,  and  most  importantly,  leads  to  the  efficient  table-based  scheme  for  its  evaluation. 


UJ  The  Infinite  Homogeneous  Solid  Formation  Model 


a.  The  Formation  Impedance 

The  impedance  of  an  infinite  homogeneous  formation  model  is  given  by 


z'w"  -  z**  cos*(26)  +  z-  sin*(20)  +  { 

(4.1) 

Here,  ze*"  and  z/“  denote  the  impedances  of  the  transmitted  outward  propagating  compressionai 
and  sheer  cylindrical  waves  in  the  formation  and  (  is  a  function  of  1/e.  These  quantities  are 
given  by 
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Here,  p!  is  the  density  o f  the  formation  end  k,M  end  k,u)  are  the  radial  components  of  the 
compressions!  and  shear  wavenumbers  in  the  formation,  given  by 

KM  -  V*,J  -  k*  k,u)  -V*,1  -  k? 

(4.10) 

•here  the  total  wavenumbers,  k,  and  J^,  are  related  to  the  compressions!  and  shear  acoustic 
velocities,  v,  end  »„  by  ^  and  k,  -  w/*,.  Finally,  the  angle,  #,  in  (4.8)  is  the 

transmission  angle  of  the  shear  wave,  defined  by 


k,(t)  -  k,  cos(d) 

(4.11) 

This  representation  of  the  impedance  of  an  infinite  homogeneous  formation  is  analogous 
to  the  impedance  ofan  elastic  half-space  developed  by  Brekhovsidkh  16].  In  the  limit  as 
the  impedances  in  (4.6),  (4.8)  and  (4.9)  approach  the  plane  wave  impedances  in  his  formulation. 
However,  the  phase  shift  term,  4,  is  asymptotic  to  i  which  differs  from  the  planar  result 

by  the  factor  of  L  Thus,  when  inserted  into  (4.4),  the  cylindrical  wave  reflection  coefficient 
differs  from  the  plane  wave  reflection  coefficient  by  a  factor  of  —  L 


b.  A  Formula  for  Computation 

We  now  recast  the  impedance  interpretation  of  the  reflection  coefficient  into  a  slightly 
different  form  which  we  will  use  for  computation. 


Atti.w) 


(4.12) 


where  *  and  the  ?'s  are  defined  in  (4.7)  and  8  is  given  by 
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Id  this  last  equation,  it  is  ustfol  to  evaluate  the  trigonometric  terms  using  the  relation 

cos* (20)  -  1  -  sin2  (20)  -  1 1  -  2  J  J  J  ^ 

PM  a  given  set  of  parameters,  {y/,vt,y,,p,pi,a\,  and  a  given  pair,  we  first  compute  the 
three  total  and  radial  components  of  wavenumber,  using  (4.S)  and  (4.10),  and  the  trigonometric 
terms  using  (4.14).  These  quantities  are  then  algebraically  combined  with  the  Hankei  Auction 
ratio  terms,  according  to  prescription  in  (4,12)  and  (4.13),  to  compute  the  cjUtdrical  wave 
reflection  coefficient.  Finally,  the  modal  coefficient  Is  obtained  using  (4.3). 

In  computing  R,  one  should  be  aware  of  several  degenerate  cases.  If  k,  -  0,  then  R  -  1 
and  the  modal  coefficient  is  infinite.  If  «  -  0  or  k,(t]  -  0  or  */c)  -  0,  then  R  -  -<P(lcra). 

c.  The  efficient  B valuation  of  the  Hankei  Function  Satioe 

In  this  section,  we  develop  an  efficient  table  lookup  and  interpolation  scheme  for  the  three 
Hankei  Auction  ratios  given  in  eq.  (4.7).  The  treatment  here  is  divided  into  three  parts.  In  the 
first,  we  identify  the  region  of  the  complex* valued  argument  plane  in  which  we  need  to  evaluate 
the  ratios.  In  the  second,  we  examine  the  behavior  of  each  ratio  in  this  region.  Finally,  the 
sampling,  storage  and  interpolation  designs  are  presented. 

0)  Domain  of  the  Arguments 

The  arguments  to  the  Hankei  Auction  ratios  are  ail  in  the  form  of  a  radial  component  of 
wavenumber  multiplied  by  the  borehole  radius.  Assuming  for  the  moment  that  frequency  and 
the  velocities  are  each  real-valued  quantities,  then  from  (4.5)  and  (4.10),  we  see  that  the 
arguments  to  the  ratios  will  be  either  positive  real  or  positive  imaginary.  If  we  now  let  frequency 
become  complex-valued,  with  a  positive  imaginary-part  as  is  the  case  in  the  'real-axis  integration* 
method,  then  the  arguments  become  complex-valued  and  lie  in  the  first  quadrant  of  the 
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oomplex-piane  near  either  the  reel  or  imaginary  axes. 

If  eoy  of  the  velocities  are  complex-valued,  then  at  low  frequencies  the  associated  radial 
wavenumber  will  enter  the  second  quadrant.  (An  attenuative  medium  is  often  modeled  by  a 
complex  sound  speed,  as  in  v-v-//  where  *”>0  [2D.  Specifically,  the  argument  will  enter  the 
second  quadrant  when  the  condition  «Y<«V  is  satisfied,  where  single  primes  denote  real-parts 
end  double  primes  denote  Imaginary-parts.  Typically,  the  imaginary  component  of  velocity  is  a 
small  fraction  of  the  real-part,  and  the  Imaginary  component  of  frequency  is  a  small  constant,  so 
that  the  argument  will  enter  the  second  quadrant  for  only  the  first  few  samples  of  «*'.  Therefore, 
only  a  relatively  small  number  of  second  quadrant  function  evaluations  will  be  required.  For  this 
reason,  we  use  a  direct  algorithmic  evaluation  when  the  argument  is  in  the  second  quadrant. 

00  The  Behavior  of  the  Ratios 

In  Figures  4-3  and  4-4  we  plot  the  magnitude  and  phase  of  the  two  impedance-related 
ratios,  Yj  and  Y2,  for  an  argument  in  the  first  quadrant  of  the  complex  plane.  In  Figure  4-5  we 
the  magnitude  and  phase  of  a  demodulated  version  of  the  phase  drift  ratio,  given  by 
*'2<z*<Z).  The  exponential  term  has  been  included  to  remove  the  rapid  large  argument 
behavior  of  the  phase  shift  ratio.  In  this  way,  a  significantly  smaller  number  of  samples  of  the 
function  are  required. 

Note  from  the  figures  that  each  of  these  ratios  varies  slowly  for  an  argument  with 
magnitude  greater  than  roughly  2,  and  that  for  arguments  of  smaller  magnitude,  the  variation  is 
more  rapid,  but  still  well  behaved.  We  conclude  that  these  ratios  are  sufficiently  slowly  varying 
to  sample  and  store  in  a  table. 

(iiO  Sampling,  Interpolation  and  Storage 

In  order  to  efficiently  evaluate  the  desired  ratios  from  the  tabie,  the  computation 
associated  with  the  lookup  and  interpolation  schemes  must  be  minimal.  For  this  reason,  we  have 
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Figure  4-3.  Magnitude  antf 


impedance  related  ratio 


Figure  4-4.  Magnitude  and  phase  of  the  impedance  related  ratio 
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figure  4-8.  The  magnitude  and  phase  of  the  demodulated  phase  shift  ratio 


sampled  each  ratio  in  a  rectangular  region  in  the  first  quadrant,  rather  than  just  near  the  real  and 
Imaginary  axes,  and  have  used  a  bilinear  interpolator. 


Because  the  variation  of  the  functions  in  Figures  4-3,  4-4  and  4-5  is  most  rapid  for  small 
arguments  and  is  quite  siow  for  large  arguments,  we  have  sampled  each  ratio  on  a  Gaussian  grid, 
defined  by  the  points  Z[m,a],  where 


m  -  0, 

»  “  0,  1 


(4.15) 


In  this  way,  the  sampling  is  dense  near  the  origin  and  sparse  away  from  the  origin.  For  a  given 
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number  of  samples  la  the  real-axis  direction,  Af,  the  parameter  cM  will  determine  the  extent  of 
the  table.  Similar  comments  apply  to  N  and  c#  in  the  Imaginary-axis  direction.  The  use  of  the 
Gaussian  grid,  instead  of,  say,  an  exponential  grid,  has  been  found  to  distribute  the  relative  error 
associated  with  the  table  scheme  more  evenly  throughout  the  domain  of  the  table. 

We  have  found  that,  with  M  -  N  •»  80  and  Z [79, 791  -  (20,8),  the  maximum  relative 
error  in  the  table  lookup  and  interpolation  scheme  for  each  of  the  ratios  is  strictly  less  than  .5% 
throughout  the  domain  of  the  table  and  is  almost  always  much  less  than  .1%.  More  precisely,  for 
tiie  MP/MP  ratio,  the  relative  enor  becomes  larger  than  .1%  only  for  arguments  with 
magnitude  less  than  1/10.  This  is  consistent  with  Figure  4-3  which  shows  the  most  rapid 
variation  of  this  ratio  in  this  region.  However  the  arguments  are  rarely  this  small,  so  that  a 
larger  relative  error  in  this  unlikely  region  is  acceptable. 

In  a  simitar  manner,  the  ratio  has  a  relative  error  which  is  always  less  than  .1% 

except  near  the  origin  and  in  the  region  along  the  imaginary  axis  in  Figure  4-4  where  the  ratio 
varies  more  rapidly.  Along  the  imaginary  axis,  the  relative  error  never  exceeds  .3%,  and  as  with 
the  Tj  ratio,  if  the  argument  has  a  magnitude  less  than  .1  then  a  relative  error  larger  than  .1% 
but  less  than  .5%  will  result. 

In  the  case  of  the  phase  shift  ratio,  <t>,  the  relative  error  is  less  than  .22'*  everywhere. 
The  maximum  error  occurs  along  fhe  imaginary  axis  where,  from  Figure  4-5,  this  function  varies 
most  rapidly. 

Ui  The  Cylindrieally  Layered  Fluid  Formation  Model 

In  this  section,  we  present  an  efficient  method  for  the  evaluation  of  the  impedance  of  a 
formation  which  consists  of  concentric  annular  fluid  layers.  Such  a  formation  model  is  shown  in 
Figure  4-6.  We  do  this  by  computing  both  the  pressure  and  radial  velocity  of  the  formation, 
evaluated  at  r-a,  and  taking  the  ratio  of  the  two.  The  cylindrical  wave  reflection  coefficient  for 
such  a  formation  is  then  given  by  (4.3)  with  this  value  of  z,*rm. 


Ffgur*  4-0.  The  cylindricaily  layered  liquid  formation  geometry 


As  discussed  in  Chapter  ffl,  in  a  fluid  medium,  the  pressure,  p,  and  the  radial  component 
of  velocity,  v„  are  each  related  to  the  displacement  potential,  <j>,  of  the  medium  by  the  relations 
(equation  (3.6)) 


P  -  «*p4 


(4.16) 


Recognizing  that  the  potential  in  the  n-tfi  layer  will  be  of  the  form 


4. (r)  -  A I*  H0<"  (K^r)  +  A'  H}1'  W'r) 

whore  /kr<*)  is  the  radial  wavenumber  in  the  n~th  layer,  given  by  kj’mkr(,u+k}  with 
The  pressure  and  radial  velocity  in  the  n—  th  layer  is  then  given  by 


r,  *  r  «  r,+1 


(4.18) 


where 
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.  **p«  (*/**')  «*p.  ffi”  (k,u'r) 

*,(r)  "  "  |  i*,'1'#/*  (A^V) 


(4.19) 


Because  both  pressure  sod  radial  velocity  are  cootiouous  across  a  Suid/fiuid  interface,  aod 
since  the  potential  in  the  n-th  layer  is  valid  from  r— /■,  to  r-r,+l,  then  we  may  write  that 


a: 

.  p('.) 

p(/.+i) 

a; 

- *,(/.)  1 

-  *;l(',+i) 

v,(r„+1) 

(4.20) 


therefore 


P(/«) 

v,(r,) 


P<'.+|) 

v,(r,+i) 


(4.21) 


If  we  now  define  a  new  matrix,  as 


(4.22) 

then  the  pressure  aod  radial  velocity  ar  r»rl  can  be  expressed  in  terms  of  the  pressure  and  radial 
velocity  in  the  outermost  region  as  follows 


P(fi) 

rr  -  1 

P(f*+i) 

v,(ri) 

" 

n*. 

»-l  j 

v,  (ftf+i) 

(4.23) 


Since  region  M+ 1  Is  semi-infinite,  its  pressure  and  radial  velocity  are  of  the  form  given  by 
equation  (4.14).  Therefore,  equation  (4.23)  dictates  how  to  compute  the  total  pressure  and 
radial  velocity  at  r-^-a. 

The  usefulness  of  this  formulation  depends  upon  the  speed  at  which  we  can  compute  a 


particular  'V,.  It  follows  directly  from  (4.19)  and  (4.22)  that  is  given  by 
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O  OiA+i) 

-/Tl  A,(,,.,.+1) 


0  *9(r,.rm+i) 

ft  (Vn*'«) 


(4.24) 


where 


ft(r„r,+1)  -  Hi"  (kf'r.)  H™  (A,(*>r.+l)  -  (k,u)r,)  H<"  (*/'V.+1) 


(4.25) 


and 


with 


A ,<r..r.+l)  -  ff!1'  (*/"‘0  ff<"  (V'Vltl)  -  (*,<"’ 


r.)  ff<»  (V*'/-.+i) 


(4.26) 


/9--/ 


(4.27) 


From  this  result,  we  see  that  we  need  to  compute  the  zero-th  and  first  order  Hankel 
functions  of  the  first  and  second  type  at  each  interface.  Because  these  functions  are  well  behaved 
everywhere  except  at  the  origin,  efficient  table-based  methods  can  presumably  be  developed  for 
their  rapid  evaluation  away  from  the  origin  and  a  small  argument  asymptotic  expansion  can  be 
used  near  the  origin.  The  pressure  and  radial  velocity  at  r-a  can  then  be  quickly  computed 
since  only  M  2-by-2  matrix  multiplies  are  required.  The  formation  impedance  is  the  ratio  of 
these  two  quantities.  Finally,  this  is  used  in  (4.4)  to  compute  the  cylindrical  wave  reflection 
coefficient.  This  approach  for  the  evaluation  of  the  modal  coefficient  associated  with  a  layered 
fluid  formation  has  yet  to  be  implemented. 


4.3.3  The  Cylindrically  Layered  Solid  Formation  Model 

The  theoretical  expression  for  Rikj.u)  when  the  formation  is  a  layered  solid,  is  not 
presented  here.  The  interested  reader  can  find  the  relevant  equations  in  the  paper  by 
Schoenberg,  et.al.  [33].  We  briefly  describe  what  is  involved. 


A  compressional  and  shear  potential  are  required  in  each  solid  layer.  Each  potential  has 
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two  unknown  amplitudes,  **  In  equation  (4.17),  ao  Out  than  m  a  total  of  four  onknowns  in 
each  layer.  If  we  Indude  the  two  unknowns  in  the  ontennost  half-space  end  the  one  unknown  in 
the  borehole,  there  are  4J/+3  unknowns  in  the  geometry.  Boundary  conditions  at  a  solid/ solid 
interface  relate  the  unknowns  in  one  medium  to  those  In  the  adjacent  medium.  A  pro  pace  tor 
matrix  solution,  analogous  to  that  developed  for  the  layered  fluid  formation,  can  be  constructed 
when  the  matrices  are  4-by-4  instead  of  2-by-2.  Alternatively,  one  can  solve  a  banded  set  of 
4M+3  linear  equations  in  4M+1  unknowns.  The  major  added  difficulty  with  the  solid  layered 
formation,  relative  to  the  liquid  layered  formation,  is  in  the  larter  number  of  vtanktft  foacdoa 
evaluations  required 


4.4  Parametric  Source  Models 


4*4.1  The  Temporal  Seeponee 

The  source  pressure  waveform,  *<*),  must  be  bandlimited  so  that  the  infinite  limits  on  the 
frequency  transform  can  he  truncated  and  the  discrete  Fourier  transform  can  be  used.  However, 
in  addition  to  this,  the  source  waveform  must  have  a  Fourier  transform,  £(«),  which  goes  to 
sera  at  zero  frequency  at  least  as  last  as  »J.  That  is 


Hm  S(«t)  **-  a"  where  a  as  2 


<4.2«) 


This  low  frequency  constraint  in  effect  implies  that  a  bandpass  source  must  be  used. 

The  reason  for  this  low  frequency  constraint  is  perhaps  best  explained  via  the  relationship 
between  pressure  and  displacement.  Mathematically,  the  displacement  field,  denoted 
M  -  Url  +  ir,4,  is  related  to  pressure  vis  the  relation  [14] 


M 


(4.29) 
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Here  «e  see  from  the  w~*  dependence  that  the  pressure  Held  must  be  integrated  twice  la  time  to 
obtain  the  associated  displacement  Held.  This  means  that,  by  specifying  an  arbitrary  pressure 
Held,  the  corresponding  displacement  Odd  may  be  oon-phyilcal.  /j  see  this,  suppose  that  the 
pressure  field  Is  temporally  impulsive.  The  displacement  field,  then,  will  be  ramp-Uke,  implying 
the t  it  moootonkally  increases  in  amplitude  with  time.  That  is,  there  is  a  steady  Oow,  or  current, 
in  the  fluid. 

We  define  a  physically  meaningful  displacement  signal  as  one  that  has  a  final  value  of 
sera.  This  means  that,  long  after  the  source  activates,  the  particles  in  the  medium  return  to 
their  rest  position,  or  equivalently,  the  acoustic  field  we  measure  is  a  perturbation  of  the  ambient 
field.  Using  the  properties  of  the  Fourier  transform,  this  implies  that  the  transform  of  the 
displacement  field  must  be  asymptotic  to  w"  as  w“*0  where  a  3*  0.  From  this  result,  equation 
(4.2S)  follows  immediately. 

This  low  frequency  constraint  on  the  pressure  waveform  was  overlooked  by  both  Tsang 
and  Cheng.  They  used  a  source  pulse  whose  transform  was  asymptotic  to  a  non-zero  constant  at 
zero  frequency.  We  have  found  that,  by  using  this  source  waveform,  the  synthetic  waveforms  do 
not  go  to  zero  as  time  gets  large.  Rather,  they  tend  to  a  constant  non-zero  final  value.  The 
Synthetic  waveforms  presented  by  Tsang  were  not  plotted  out  far  enough  in  time  to  see  this 
behavior,  while  in  Chengs  paper,  the  waveforms  were  presumably  post-filtered  to  remove  this 
effect. 


Physically,  the  final  value  to  the  waveforms  is  due  to  the  Stoneley  mode  of  propagation  in 
the  borehole.  This  mode  does  not  have  a  cutoff  frequency,  and  thus  propagates  down  to  zero 
frequency  [331.  Furthermore,  the  residue  of  the  Stoneley  pole  of  the  modal  coefficient  bas  been 
examined  [27]  and  found  to  behave  roughly  as  Um.  Therefore,  the  Stoneley  wave  component  of 
a  synthetic  waveform  is  shaped  much  like  the  integral  of  the  source  pulse.  Consequently,  a  final 
value  to  the  Stoneley  wave  will  result  if  the  integral  of  the  source  pulse  has  a  non-zero  final 
value.  Such  was  the  case  with  the  waveform  used  by  both  Tung  and  Cheng. 
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The  observation  concerning  the  relationship  between  displacement  and  praaaiua  suggests 
that  it  may  he  more  useful  to  design  the  displacement  wavefonn  corresponding  to  the  physical 
movement  of  the  source.  Then,  the  pressure  waveform  is  obtained  by  taking  two  derivatives  of 
this  waveform.  In  Figure  4-7  we  plot  a  4-point  optimal  Madman  window  Auction, 
corresponding  to  a  bump-like  displacement  waveform,  and  its  second  derivative,  corresponding 
to  the  associated  pressure  signal.  It  is  interesting  to  note  the  similarity  between  the  second 
derivative  of  the  window  and  the  classical  Ricker  wavelet  often  used  in  seismology  [30],  Also 
shown  in  Figure  4-7  are  the  magnitudes  of  the  Fourier  transforms  of  these  poises. 
Mathematically,  the  pulses  and  their  transforms  are  given  by 
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(4-33) 


where  bit)  is  used  to  denote  the  Blackman  window  ftuctioa  and  bit)  denotes  its  second 
derivative.  The  ft,  constants  are  given  by  ft(-+. 35169,  ft1— .48829,  *j-+.1412J  and 
ftj— — .01 168.  Also,  in  evaluating  the  transforms  above  at  *  -  0  we  use  the  relations  £(0)-ft0T 
and  £<0)-0. 


Note  from  Figure  4-7  that  the  transform  of  the  Blackman  window  is  down  92dB  at  a 
frequency  of  4/T  Herts  while  its  second  derivative  is  down  67dB  at  this  point.  Thus,  besides 
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Figure  4-7.  The  blackman  window  function,  its  Y*  derivative  and  their  transforms 

being  ideally  time-limited  signals,  these  pulses  are  also  effectively  bandlimited.  Furthermore,  the 
transform  of  the  second  derivative  of  the  Blackman  pulse  is  seen  to  satisfy  the  constraint  in 
equation  (II).  For  these  reasons,  the  signal  i>(r)  is  an  attractive  choice  for  a  source  pulse 
model. 


A  possible  drawback  to  the  choice  of  a  A  (t)  source  pulse  is  that  there  is  no  independent 
eontrol  of  both  bandwidth  and  center  frequency.  If  such  control  is  desired,  the  second  derivative 
of  the  Tung-type  pulse  has  been  found  to  work  well,  as  has  a  modulated  version  of  the 
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Blackman  paisa. 

44J  Th«  Spatial  Dittribadoa 

TIm  so  area  filament  distribution,  d(z),  eaa  be  designed  in  conjunction  with  the  source 
pulse  to  selectively  excite,  or  not  exdta,  a  desired  rectangular  region  in  the  firequeney- 
wa venom ber  domain.  In  this  way,  one  has  more  control  over  the  excitation  of  modes  end/or 
bead  waves  in  the  synthetic  data  than  if  a  point  source  were  used.  Conventional  linear  phase  FIR 
filter  design  techniques  can  be  used  to  design  the  source  array  from  wavenumber  domain  stop- 
band  and  pass* band  specifications.  Alternatively,  if  a  normal  incidence  beam  is  desired,  a 
Blackman  window  fraction  design  can  be  used  here  as  welL 

48  Eaprmatativa  Examples 

In  this  section,  we  present  examples  of  arrays  of  synthetic  waveforms  associated  with  an 
infinite  homogeneous  solid  formation  model.  We  use  the  table  lookup  and  interpolation  method 
described  in  Section  4.3.1  and  compare  the  computation  time  required  to  generate  these 
examples  with  that  required  to  generate  the  same  examples,  only  a  Hankel  fraction  evaluation 
method  was  used  to  evaluate  the  required  ratios  rather  than  the  table  method.  By  over  riding 
the  table  in  this  manner,  a  test  of  the  savings  in  computation  time  can  be  made. 

In  Figure  4*8  we  show  3  waveforms,  selected  from  an  array  of  100,  which  were  generated 
using  the  table-based  method.  In  Figure  4-9  we  show  a  VDL  (variable  density  log)  of  the  entire 
100  waveforms.  The  source  used  was  a  V*  derivative  of  a  Blackman  window,  100ps  in  duration, 
and  was  spatially  impulsive  (i.e.  a  point  source).  The  waveforms  begin  '  zero  ofibet  from  the 
source  and  the  distance  between  receivers  is  1  inch.  The  borehole  radius  was  taken  to  be  10cm 
and  the  density  ratio,  pt/p,  was  taken  to  be  2.  The  velocities  were  ail  taken  as  real-valued  and 
are  given  by  v,  -  1.5  Km/s,  -  2  Cm/s  and  \  -  3.5  Km/s.  Note  bow,  at  small  offbets,  the 
individual  reflections  off  the  borehole  wail  are  veil  resolved,  while  at  the  distant  receivers,  the 
modal  energy  dominates  the  waveforms. 
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figin  44.  3  synthetic  waveforms  selected  from  an  array  of  100 

These  waveforms  were  generated  on  a  VAX  machine  with  a  VMS  operating  system  and 
the  programming  was  done  in  FORTRAN  using  single  precision  floating  point  arithmetic. 
Precisely  2489945  evaluations  of  the  modal  coefficient  were  required  to  generate  this  data.  Using 
the  table-based  method.  2.72  hours  of  computation  time  was  required,  implying  an  average  of 
2S4  evaluations  of  A  (*,, «)  per  second,  or  3.93  ms  per  evaluation. 

To  determine  the  savings  in  computation  time  associated  with  the  table  method,  we 
generated  the  same  synthetic  data  set,  only  instead  of  using  the  table  for  the  evaluation  of  the 
Henkel  function  ratios,  a  direct  algorithmic  approach  was  used  in  its  place.  Unfortunately,  the 
algorithmic  approach  was  more  accurate  than  the  table  lookup  method,  so  that  the  comparison  in 
computation  time  was  not  fair  and  therefore,  not  particularly  meaningful.  Nevertheless,  we 
found  that,  for  the  same  number  of  evaluations,  33  hours  and  22  minutes  of  computation  time 
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wee  required,  implying  21  eveluedoas  per  second  or  41ms  per  evaluation.  We  conclude  that  die 
use  of  the  table  lookup  and  interpolation  approach  produces  roughly  an  order  of 
savings  in  computation  time.  Because  only  three  complex-valued  80-by-IO  tables  must  be 
stored,  the  added  storage  is  well  worth  the  savings  in  time. 

hi  Figure  4-10  are  show  three  synthetic  waveforms  for  the  same  set  of  parameters  as  in 
Figure  4-1,  except  that  a  source  filament  was  used  instead  of  a  point  source.  The  distribution  of 
the  source  arts  taken  to  be  a  Blackman  window  function  with  a  half-length  of  15cm.  The  uae  of 
this  array  forms  a  beam  at  normal  Incidence  to  the  formation.  The  effect  of  array  is  to  low-pass 
filter  the  data  in  the  spetisi  direction.  Note  that  the  higher  frequency  modal  energy  in  the  distant 
waveforms  has  disappeared,  while  the  lower  frequency  Stooeley  mode  has  been  smeared  oat  in 
time. 


Figure  4-10.  3  synthetic  waveforms  associated  with  s  filament  source 


-114. 


44  i—Miy 

In  summary,  we  have  found  that  the  repeated  evaluation  of  Hankei  functions  for 
complex-valued  arfuments  is  responsible  for  the  majority  of  computation  time  required  to 
generate  synthetic  acoustic  well  logging  data.  Through  an  understanding  of  wave  propagation  in 
cylindrical  geometries,  a  table  lookup  and  interpolation  scheme  for  the  rapid  and  accurate 
evaluation  of  the  Hankei  Auctions  has  been  developed  which  results  in  an  order  of  magnitude 
savings  in  the  computation  time  required  to  tenerste  the  data.  The  storage  requirements  for  the 
table  are  easily  outweighed  by  Otis  savings. 

Since  the  development  of  this  table  based  method,  table- based  approaches  have  been 
developed  for  the  cnee  of  a  cylindrical ly  layered  formation  [7|(t]  and,  with  the  increase  io  speed 
reported  here,  the  previously  prohibitive  analysis-by-synthesis  approach  to  data  inversion  may 
now  be  foosible  in  a  cylindrical  geometry. 

In  the  area  of  Alton  improvements,  it  appears  that  a  further  substantial  savings  can  be  had 
by  sunpiing  the  modal  coefficient  on  an  irregular  grid.  At  present,  the  uniform  grid  samptiog 
periods  are  chosen  small  enough  to  capture  the  oust  rapid  variation  in  the  modal  coefficient.  By 
ampHng  the  coefficient  frequently  only  when  it  varies  rapidly,  and  slowly  where  it  varies  slowly, 
a  large  savings  may  result.  A  possible  detrectioo  of  this  approach  is  that  the  irregular  grid  will 
have  to  be  interpolated  onto  a  regular  grid  if  the  efficient  FFT  algorithm  is  to  be  used. 
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V.  ITERATIVE  MAXIMUM  LIKELIHOOD  DKBXVXSBXBATION 

1.1  Introduction 

Id  this  chapter  we  take  the  relationship  derived  in  Chapter  m  between  the  reflected 
component  of  the  field  on  the  axis  of  the  hole  and  the  cylindrical  wave  reflection  coefficient  and 
extract  three  signal  processing  models  from  it.  The  first  is  a  two  dimensional  space- time  signal 
model  while  the  other  two  are  one  dimensional  signal  models  corresponding  to  single  frequency 
data  as  a  function  of  space  and  single  wavenumber  data  as  a  function  of  time.  All  three  models 
are  seen  to  share  a  common  structure,  that  of  a  reverberatory  system,  although  the  details  of  the 
models  diifer.  We  select  one  of  these  models,  the  single  wavenumber  model,  for  thorough 
investigation  in  this  and  the  next  chapter,  while  the  other  two  are  left  for  possible  fature 
examination. 

The  estimation  of  the  reflection  coefficient  at  a  single  axial  wavenumber  Is  seen  to  be  a 
signal  processing  problem  of  dereverberation,  or  equivalently,  of  removing  multiples.  We  begin 
by  parametrically  modeling  the  Fourier  transform  of  the  reflection  coefficient  by  a  finite  number 
of  its  samples  and,  in  this  way,  the  reflection  coefficient  estimation  problem  is  reduced  to  a 
problem  in  parameter  estimation.  Uncertainties  in  the  form  of  additive  Gaussian  noise  processes 
are  then  added  to  the  processing  model  and  a  maximum  likelihood  (ML)  estimation  criterion  is 
adopted  (39).  We  find  that  the  estimation  problem  is  nonlinear  in  that  a  highly  complicated 
Auction  of  the  parameters  of  interest  must  be  maximized.  We  conclude  from  this  that  the  ML 
problem  is  difficult  to  solve. 

Following  this,  we  develop  an  iterative  method  for  solving  the  ML  dereverberation 
problem  which  is  both  theoretically  elegant  and  computationally  efficient.  In  effect,  the 
estimation  system  is  augmented  by  the  introduction  of  an  internal  signal  into  the  problem 
formulation.  This  auxiliary  signal  effectively  decouples  the  original  nonlinear  problem  into  two 
interconnected  linear  estimation  problems.  Specifically,  within  each  pass  of  the  iterative  method. 


•  ‘detsical*  linear  filtering  problem  must  first  be  solved,  sad  then  e  linear  'classical*  system 
identification  problem  must  be  salved.  At  the  end  of  each  iterative  pass  a  new  estimate  for  die 
reflection  coefficient  parameters  is  put  forth.  The  lot  likelihood  function  evaluated  at  this  new 
estimate  is  theoretically  guaranteed  to  be  treater  than  the  log  likelihood  estimate  evaluated  at  the 
last  estimate  however  the  sequence  of  estimates  produced  by  this  Iterative  method  is  not 
guaranteed  to  converge. 

The  iterative  ML  dereverberation  method  developed  in  this  chapter  arose  directly  from 
the  iterative  ML  theory  developed  by  Musicus  [23].  He  applied  the  theory  to  estimate  the 
coefficients  of  a  pole-zero  model  where  the  noise  processes  were  jointly  Gaussian,  as  they  are 
hers.  We  show  that  the  dereverberation  problem  is  closely  related  to  the  pole-zero  estimation 
problem  and  in  fact,  the  dereverberation  problem  is  equivalent  to  a  pole-zero  estimation  problem 
in  which  the  numerator  and  denominator  polynomial  coefficients  are  linearly  related.  In  this 
sense,  the  dereverberation  problem  can  be  viewed  as  a  constrained  pole-zero  problem. 

In  Chapter  VI,  we  will  apply  the  iterative  ML  dereverberation  method  developed  in  this 
chapter  to  the  single  wavenumber  signal  processing  model  we  bave  chosen  to  investigate.  There, 
we  make  use  of  synthetic  data  generated  using  the  method  described  in  Chapter  IV  to  test  and 
evaluate  the  ML  estimation  scheme  we  develop  here. 

U  Processing  Models 

The  study  io  Chapter  HI  of  the  relatiooship  between  the  cylindrical  wave  reflection 
coefficient,  £(*,,•),  end  the  reflected  component  of  (he  acoustic  field  aioog  the  axis  of  the 
borehole,  p,(j,t),  resulted  in  equation  (3.48),  which  we  repeat  here 

A<r,f)  -  f  f  tf(w)  S(m)  Oik.)  £  *-(*,.«,)  dk,Jm 

-m-m  l  —«  I  (5.1) 

To  review,  S(m)  is  the  Fourier  transform  of  the  source  waveform,  D(k,)  is  the  transform  of  the 
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io area  distribution,  and  Him)  -  2 ml  sgn(w).  The  Fourier  transform  of  H(m)  it  given  by 
hit)  -  2/t  (261. 

We  see  from  <5.1)  that  the  relationship  between  the  reflection  coefficient  and  the  field  is 
directly  interpretable  in  terms  of  2D  space-time  invariant  convolutions.  Specifically,  denoting  the 
2D  transform  of  the  reflection  coefficient  as  r(x.t)t  and  referring  to  it  as  the  reflection  coefficient 
signal,  we  may  write  as  we  did  in  equation  (3.49),  that 

Prizt)  -  Suit)  d{i)  ••  (  r{z,t)  +  r (z,r)  •*  r(z,t)  +  •  •  •  I 

\  i  02) 

where  the  two  asterisks  denote  2D  convolution  and  s^U)  denotes  the  convolution  of  s(r)  with 
A(r).  This  2D  linear  system  can  be  cast  into  feedback  form  as  shown  in  Figure  5-1.  We  refer  to 
the  system  in  Figure  5-1  as  the  *2D  system  model*. 


PrUt) 


Figure  5-1.  The  2D  system  model 


Besides  the  2D  model,  equation  (5.1)  immediately  suggests  two  ID  models  which  are 
obtained  when  either  the  transform  of  the  source  pulse  or  the  transform  of  the  source 
distribution  is  impulsive.  We  consider  these  two  cases  separately  below. 

8.2.1  The  Single  Frequency  Model 


If  a  single  frequency  source  is  used,  i.e.  if  S(w)  -  2«S(6<«  -  «.),  then  we  see  from 


•  US* 


equation  <5.1)  that  the  system  becomes  one- dimensional.  Specifically,  denoting  the  Fourier 
transform  of  R{k,,t»)  over  fc,  as  r{z  |w)  (or  equivalently,  the  Fourier  transform  of  r{z.t)  over 
time),  then  we  may  write  (supressing  the  time  dependence) 

JV<*  U«)  *  j  H(m»)  S,  ]  d (z)  *  (  r(z  |w.)  +  r(z  |w,)  *  r(z  !«*,)  +  •  •  •  1 

«  )  (5.3) 

where  the  asterisk  denotes  ID  spatial  convolution  and  p,(z  |  «#)  denotes  the  reflected  component 
of  the  field  at  a  single  frequency,  This  same  ID  system  model  can  be  obtained  using  a 
transient  source  by  transforming  p,(z,t)  over  time  and  evaluating  the  result  at  the  desired 
frequency.  As  before,  equation  (5.3)  can  be  cast  into  a  feedback  form  as  shown  in  Figure  5*2. 
We  refer  to  this  system  as  the  'single  frequency  system  model*.  In  this  system,  we  will  only  be 
able  to  estimate  a  slice  of  the  reflection  coefficient  as  a  function  of  axial  wavenumber  for  a  fixed 
frequency. 

Hi «,)  S,  diz) 


Figure  5-2.  The  ID  single  frequency  system  model 

S.U  The  Single  Wavenumber  Model 

If,  in  equation  (5.1),  a  line  source  is  used  whose  spatial  transform  is  given  by 
D(k.)  -  2 aD'Hk.  -  fc.,),  then  we  see  that  the  system  also  becomes  one  dimensional. 
Specifically,  denoting  the  Fourier  transform  of  the  reflection  coefficient  over  fc,  as  r(t\k.)  (or 
equivalently,  the  Fourier  transform  of  r(z,t)  over  s),  then  we  may  write  (supressing  the 
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space  dependence) 

prO\k„)  -  D0  4,(0  *  j  +  /-Olfcj,)  *  r(f|fc.)  +  •  •  •  } 

1  I  (5.4) 

where  a  single  asterisk  here  denotes  ID  temporal  convolution  and  p,U  \  k^)  denotes  the  reflected 
component  of  the  field  at  a  single  axial  wavenumber.  This  same  ID  system  model  can  be 
obtained  using  a  point  source,  or  more  generally,  using  an  arbitrary  linear  source  array,  by 
transforming  p,(z,t)  over  space  and  evaluating  tbe  result  at  the  desired  axial  wavenumber,  k„. 
As  before,  equation  (5.4)  can  be  cast  into  the  form  of  a  reverberatory  system  as  shown  in  Figure 
5-3.  We  refer  to  this  system  as  the  ‘single  wavenumber  system  model'  and  we  will  discuss  the 
estimation  problem  associated  with  this  model  in  considerable  detail  in  this  and  the  next  chapter. 
In  this  system,  one  can  only  estimate  the  reflection  coefficient  as  a  function  of  frequency  for  a 
fixed  axial  component  of  wavenumber.  In  Chapter  II  we  demonstrated  the  sensitivity  of  such  a 
Slice  of  the  reflection  coefficient  to  the  parameters  of  the  formation  in  the  particular  case  where 
the  formation  model  was  homogeneous. 


Figure  5-3.  The  ID  single  wavenumber  system  model 


8.3  Parametric  Signal  Representation 

To  this  point,  we  have  treated  the  reflection  coefficient  as  a  continuous  function  of  both 
frequency  and  wavenumber  and  its  Fourier  transform  as  a  continuous  space-time  signal  In  this 
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section,  we  discuss  the  representation  of  the  reflection  coefficient  and  its  transform  by  a  finite 
number  of  parameters.  This  is  achieved  via  a  parametric  model  for  the  reflection  coefficient  and 
the  estimation  approach,  then,  will  be  to  estimate  the  model  parameters  rather  than  the 
continuous  function  itself.  The  estimate  of  the  reflection  coefficient  can  be  obtained  by 
substituting  the  parameter  estimates  into  the  signal  model.  Using  this  approach,  the  reflection 
coefficient  estimation  problem  reduces  to  a  parameter  estimation  problem. 

Classical  approaches  to  representing  a  continuous  signal  by  a  set  of  parameters  include  the 
Karhuneo-Loeve  expansion,  a  Gram-Schmidt  representation,  etc.  [39].  Although  theoretically 
elegant,  these  approaches  can  be  somewhat  cumbersome  primarily  because  the  parameters 
themselves  will  not  generally  be  physically  meaningful  and  becav.^  a  large  number  of  parameters 
may  be  required  to  adequately  represent  the  signal. 

A  more  natural  approach  in  this  application  is  to  first  represent  the  continuous  signals 
considered  to  this  point  by  their  sampled,  or  discretized,  counterparts.  The  switch  to  the  discrete 
space-time  domain  is  convenient  because  the  data  will  typically  be  both  recorded  and  processed 
using  digital  means.  Following  this,  the  discrete  signals  can  then  be  modeled  parametrically 
using,  for  example,  a  pole-zero  (i.e.  an  autoregressive  moving-average,  or  ARMA) 
representation  in  the  z-transform  domain  [25].  Pole-zero  models,  or  less  generally,  all-pole  (i.e. 
autoregressive,  or  AR)  or  all-zero  (i.e  moving-average,  or  MA)  models,  are  used  extensively  In 
the  fields  of  modern  spectral  estimation  [17],  speech  processing  [22],  etc.  In  this  thesis,  we  will 
also  adopt  a  pole-zero  modeling  approach. 

To  distinguish  discrete  signals  from  continuous  signals,  we  wili  use  square  brackets,  as  in 
r[/>],  rather  than  rounded  brackets,  as  in  s(f).  Generally,  n  will  be  used  as  a  discrete  time  index 
and  m  will  be  used  to  index  discrete  space.  For  example,  samples  of  the  reflectioa  coefficient 
signal  in  the  single  wavenumber  model,  r(t  I  A'.),  will  be  denoted  by  r[n  1,  where  the  dependence 
on  ks  is  understood.  Similarly,  in  the  single  frequency  model,  we  denote  the  samples  of  r(r  1«) 
by  r\m).  Sampled  versions  of  other  continuous  signals  are  defined  similarly. 
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A  pole-zero  model  for  the  single  wavenumber  reflection  coefficient  sequence,  r[a],  la 
defined  in  terms  of  the  z-transform  of  the  reflection  coefficient  sequence  as  follows 


AU1  -  2  z’*“ 

*-« 


■-< _ 

1  +  £  A. 


A,M 

1  +  AgW 


(5.5) 


Here  we  have  modeled  f\n]  as  a  causal  sequence.  The  P+1  coefficients  in  the  numerator 
polynomial  and  the  Q  coefficients  in  the  denominator  polynomial  define  a  set  of  P+2+1 
parameters  which  can  be  used  to  characterize  the  r!n]  sequence. 

It  is  instructive  to  examine  the  form  of  the  model  for  the  closed-loop  system  when  the 
reflection  coefficient  model  is  pole-zero.  The  closed-loop  system  z-transform,  A  [z],  is  related  to 
A [z]  by  the  relation  A  «■  A/(l  -  A).  Using  <5. 5),  we  see  that 


Ah) 


A, 1 2} 

1  +  Aglz]  -  A,  [z] 


(5.6) 


From  this  result  we  see  that  a  pole-zero  model  for  A  generally  implies  a  pole-zero  model  for  the 
closed-loop  system.  However,  In  the  special  case  where  R  is  all-pole,  defined  by  the  condition 
P  -  0  in  (5.5),  we  see  that  Ar  reduces  to  a  constant,  a,,  and  A  [z]  also  becomes  all-pole.  If,  oo 
the  other  hand,  the  reflection  coefficient  is  modeled  as  all-zero,  defined  by  the  condition 
Ilgiz]  -  0,  then  we  see  that  A\z]  is  pole-zero  with  a  numerator  polynomial  given  by  Ar  and  a 
denominator  polynomial  given  by  I  -  Ar.  Thus,  in  this  case,  knowledge  of  the  poles  implies 
knowledge  of  the  zeros  and  vice  versa.  We  conclude  that  when  R  is  modeled  as  all-zero,  the 
overall  system  is  a  constrained  pole-zero  system  in  which  the  poles  and  zeros  are  tied  to  each 
other. 


8.4  Maximum  Likelihood  Estimation 

The  maximum  likelihood  (ML)  estimation  problem  is  to  maximize  the  conditional 
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probability  density  fraction  (PDF)  of  the  date  given  the  reflection  coefficient  parameters  over 
the  space  of  admissible  reflection  coefficient  parameter  sets  139].  This  space  consists  of  those 
sets  which  map  into  reflection  coefficients  which  are  less  than  unity  in  magnitude  for  ail 
frequencies  and  wavenumbers.  The  particular  parameter  set  which  maximizes  the  PDF  is,  in 
some  sense,  'most  likely*  to  have  caused  the  observations  that  were  made,  and  hence,  is  termed 
the  maximum  likelihood  estimate  of  the  parameters.  Mathematically,  collecting  the  reflection 
coefficient  parameter  set  into  a  vector,  £,  and  the  observations  (i.e.  the  data  samples)  into  a 
vector  2,  (he  ML  estimator  is  defined  by  the  relation 


—  max 

i 


log  p(  2  k) 


(5.7) 


where  pfylr)  denotes  the  conditional  joint  PDF  of  the  data  given  the  reflection  coefficient 
parameters  and  log  p(v  Jr)  is  referred  to  as  the  log  likelihood  function.  Maximizing  the  log  of 
the  PDF  in  (5.7)  is  equivalent  to  maximizing  the  PDF  itself,  since  the  log  function  Is  monotonic. 
Furthermore,  in  the  specific  case  where  the  PDF  is  Gaussian,  maximizing  the  log  likelihood 
function  sometimes  involves  only  maximizing  a  quadratic  fraction  and  therefore  requires  only 
linear  processing. 

Because  ML  estimation  can  be  attractive  when  the  processes  involved  are  jointly  Gaussian, 
and  because  the  Gaussian  case  will  be  assumed  in  this  thesis,  we  explore  Gaussian  ML  problems 
in  more  detail  in  the  remainder  of  this  section.  Of  particular  interest  are  the  conditions  under 
which  the  Gaussian  ML  estimation  problem  is  a  linear  estimation  problem. 


S.4.1  Gaussian  ML  Problems 

If  the  conditional  joint  PDF  of  the  data  givea  the  parameters  is  Gaussian,  then  it  can  be 


written  in  the  following  form 
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f  <» lf)  ~  q.)»7>‘|S;^.  «P  { -  7  ( 1 1  -  at.lr  1 1  -  an-1 ) )  aM 

when  N  is  the  length  of  the  y  vector  and  m,|,  and  2,1,  are  the  conditional  mean  and  covariance 
of  the  observations,  y,  given  the  parameters,  r.  These  are  defined  by 

Jfci, -Er  [y|  r]  and  2,j,  -  Ey  I  (y  -  m^,)  (y  -  a^,)r|  r  1 

1  1  (5.9) 

where  the  expected  value  operators  are  over  P-space,  conditioned  on  r.  We  see  from  (5.8)  that, 
in  the  particular  case  of  Gaussian  processes,  the  PDF  is  completely  characterized  by  the  first  and 
second  order  statistics  of  the  process,  m,\,  and  2,j,.  In  fact,  this  allows  us  to  use  the  more 
convenient  shorthand  notation 


P<1  I ')  “  N<  45,1,  ,  2,,,) 

(5.10) 

Here,  the  N  refers  to  'normal*,  which  is  synonomous  with  Gaussian. 

In  what  follows,  it  will  be  convenient  to  minimize  -2  log  p(y|y)  rather  than  to  maximize 
log  p(y|  r).  From  equation  (5.8),  this  is  given  by 

-2  log  p(y  |r)  -  ft  log(2w)  +  log  |2,t,|  +  (y  -  «, (,)r  2^‘  (y  -  m,,,) 

(5.11) 

Here  we  see  that,  in  general,  to  minimize  this  function  over  r  is  a  nonlinear  problem.  The 
specific  functional  dependence  of  equation  (5.11)  on  the  parameters,  r,  is  implicitly  contained  in 
the  expressions  for  the  conditional  mean  and  covariance  for  y  given  r. 

A  sufficient  but  stringent  condition  for  the  ML  estimation  problem  to  be  a  linear 
estimation  problem  is  for  2,|,  to  be  independent  of  the  parameters,  r,  and  for  to  be  a  linear 
function  of  a  That  is,  if  »j,|,  -  Mr,  where  M  is  a  matrix  whose  elements  are  independent  of  r. 
In  this  way,  the  ML  estimate  of  r  is  obtained  as  the  solution  to  a  set  of  linear  equations. 
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b  tk*  next  few  subsections,  we  briefly  cover  the  form  of  the  conditional  maan  and 
covariance  for  the  Oaowan  all-pole,  ail-zero  and  pole-zero  signal  models.  We  will  tnd  it 
convenient  to  model  the  Ganarian  process  which  drives  each  model  as  canaaL  This  aomewhet 
anoanal  type  of  process  is  defined  as  deterministically  zero  for  negative  time  hot  stochastic  for  a 
greater  than  or  equal  to  zero,  la  the  process  of  examining  these  Gaossian  ML  problems,  we 
develop  an  appreciation  for  (heir  difficult  nonlinear  natnre  and  in  addition,  we  develop  a 
vector /matrix  system  notation  which  will  be  need  in  the  remainder  of  this  chapter. 


S.4J  The  Genasien  All-Pole  ML  Problem 

In  Figure  $-4  we  show  an  ail-pa ie  linear  system  driven  bp  a  causal  Gauasian  process,  s[s  I. 
The  observed  sequence,  /[a],  is  equal  to  the  system  output,  /la],  corrupted  by  an  additive 
Gaussian  noise  process,  r{a],  which  is  independent  of  s(«l.  We  model  the  system  z-traosform 
ae  in  equation  (5.5)  with  P-0  and  c,*0.  We  now  define  the  following  vectors 


Figure  5-4.  The  sll-poie  model 
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and  the  Me#  matrix  B  m 


B 


1  0 
*i  1 
*i 

*a 


0 


0 

1 


(5.14) 


where  the  subscript,  J,  on  the  4/s  in  (5.14)  does  not  exceed  J  -  Q.  Fi nelly,  we  define  the  j  and 
2  noise  processes  as  independent  Gansrian  random  vectors  with  known  statistics 


j -*(*,.  X,)  »-N(fl,X,) 


(5.15) 


Witt  this  vector/matrix  system  notation,  and  the  fact  that  a  causal  driving  process  will 
produce  a  causal  /(e  I,  we  can  write  that 


j-j- 


(5.14) 


so  that 


It  then  follows  directly  that 


(5.17) 


an,-«.rla,  and  x*,-^-1  x,i-‘r+x, 


(5.11) 


Using  these  forms  in  (5.11)  we  see  that  the  ML  minimization  problem  is,  in  general,  nonlinear. 


The  Gaussian  all-pole  ML  estimation  problem  does  reduce  to  a  linear  estimation  problem 
under  degenerate  conditions.  Specifically,  if  there  is  no  uncertainty  in  the  source,  (i.e.  if 
1,  -  0),  then  it  follows  directly  that  the  estimation  problem  is  linear.  On  the  other  hand,  if 
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these  an  pedhct  obeerve dons  <i.a.  if  I,  -  0),  than  tha  ML  solution  is  given  by  a,  -  0  while  tin 
%’s  an  arbitrary.  This  is  deer  from  (S.lt)  dan,  if  both  X,  and  «.  ere  zero,  tha  lac  of  (ha 
determinant  in  <5.10  is  infinitely  negative  Thu,  in  order  for  the  perfect  observations  ease  to 
be  wail-posed,  a,  mast  be  Icnoarn  and  most  be  non-zero.  If  a,  is,  in  fact,  known  and  aon-zero, 
the  aadnsadon  of  tha  ail- pole  parameters  is  a  linear  problem. 

14J  Tha  Oaaaaian  AO-Zero  ML  Problem 

In  Figure  5-5  we  show  a  linear  system,  with  unit  sample  response  a  [a],  driven  by  a  causal 
Gaussian  process,  i{a  ].  Again,  the  observed  sequence,  jla],  is  equal  to  tha  output  of  the 
system,  /la],  corrupted  by  on  additive  Geussian  noise  process,  »lal,  which  is  independent  of 
ifal.  This  time  we  model  the  system  response,  a  [a],  sa  an  ail-aero  signet  and  again,  we 
the  notation  from  equation  (5.5).  Specifically,  the  z-taosform  of  ala]  is  given  by  eq 
(5.5)  with  Jg[z]  -  0  (Le.  o]al  -  o,,  a  -  0, 1,  •  •  •  Pi.  Then,  In  addition  to  the  vector  notation 
in  (5.13),  and  the  noise  statistics  in  equation  (5.15),  we  define  the  NxN  matrix.  A,  as 
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Flgw re  5-8.  The  all-zero  model 
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(whore  the  subscript,  /,  on  the  a/s  does  apt  exceed  J  -  ft.  Nov,  bocscsc  «[•]  is  canal,  wo 
bive  that 


2  “  A  J  ♦  2 

sad  we  obtain  the  folio  wins  expressions  for  the  conditional  mean  and  covariance 


(5.20) 


tbir  "Ah  and  1M,  -  A  I,  Ar+  X, 

(SJ1) 

which  is  in  the  same  form  as  (5.11),  with  at  B"1  replaced  by  A.  When  substituted  into  (S.ll), 
the  result  is  also  difficult  to  minimize. 

In  the  degenerate  cases  of  perfect  source  knowledge  and  perfect  observations,  the  same 
results  as  the  all-pole  case  are  obtained.  That  is,  if  X,  -  0  the  ail-zero  problem  becomes  Unear, 
while  if  X,  -  0  the  problem  is  linear  only  if  a,  is  known  and  non-zero. 


5.4.4  The  Gauuiaa  Pole-Zero  ML  Problem 

In  Figure  5-4  we  show  a  pole-zero  Unear  system.  As  before,  the  system  is  driven  by  a 
causal  Gaussian  process,  a  [a],  and  the  observed  sequence,  y  [al,  is  equal  to  the  output  of  the 
system,  /hi,  corrupted  by  an  additive  Gaussian  noise  process,  *[«],  which  is  independent  of 
s[a].  This  time  we  use  the  full  pole-zero  model  for  the  system  given  in  equation  (5.5).  We  use 
the  notation  of  the  lest  two  sections  to  arrive  directly  at  the  result  that 


2  -  A  B“l  i  +  2  -  B’1  A  2  +  2 

(5.23) 

To  see  this,  oae  can  view  a  pole-zero  system  as  either  «n  all-pole  system  followed  by  an  all-zero 
system,  or  an  all-zero  system  followed  by  an  all-pole  system.  From  this  result,  it  follows  the! 


and 


fflrtr  -  A  B"1  fflj 


X,|,  -  A  B-%  B"*f  Ar+  X, 


(5.24) 


Hfm  54.  Tilt  pole- zero  model 

end,  not  surprisingly,  (lie  Gaussian  pole- zero  ML  minimization  problem  is  difficult  to  solve. 

In  both  the  perfect  source  knowledge  case  as  well  as  (he  perfect  observations  case,  the  ML 
pole-zero  problem  degenerates  aa  before.  If  the  source  is  known,  the  estimation  of  the  poles  and 
zeros  is  a  linear  problem.  If  the  observations  are  perfect  and  a,  is  known  and  non-zero,  then  the 
pole-zero  estimation  problem  also  reduces  to  a  linear  problem. 

SJ  Hadeu1  Iterative  Maximum  Likelihood  Method 

Musicus  has  recently  developed  so  iterative  approach  to  solving  nonlinear  ML  estimation 
problems  [231.  In  the  specific  case  of  Gaussian  pole-zero,  all-pole  and  ail-zero  ML  problems, 
Mnskus'  scheme  is  particularly  attractive,  as  we  will  see  in  the  next  section.  In  this  section  we 
present  the  iterative  method  io  its  most  general  form. 

To  motivate  the  theory,  we  first  consider  the  introduction  of  an  auxiliary  signal,  g,  into 
the  problem  formulation.  This  signal  is  properly  thought  of  as  a  signal  internal  to  the  system 
model  which  we  have  oo  direct  means  of  measuring  or  observing.  Assume  for  the  moment  that 
this  signal  is  known  to  be  equal  to  Then,  with  the  knowledge  of  this  internal  signal,  we 
might  restate  our  estimation  problem  as 
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2 


max 


l 


log  P<J»I  L  i*) 


(5.25) 


—  max 

z 


log  J<  i*.  2  I  X) 


The  central  idea  behind  Mustens*  method  is  that,  through  the  judicious  selection  of  the  *  signal, 
tha  meximizatioa  in  (5.25)  will  be  an  easier  task  than  in  (5.7)  and  hopefully  will  be  a  linear 
estimation  problem.  In  (bet,  as  we  will  see  in  the  following  sections,  for  the  signal  models  we 
consider  here  it  will  be  always  be  possible  to  choose  s  such  that  the  estimation  problem  is  linear 
when  s  is  known. 

hi  practice  of  course,  we  cannot  assume  the  knowledge  of  a  signal  internal  to  the  system 
model,  let  alone  a  specific  signal  which  happens  to  make  the  estimation  problem  linear.  Rather, 
the  auxiliary  signal  will  be  unknown  and  random.  In  this  case,  one  might  consider  replacing 
in  (5.25)  with  an  estimate  of  *  which  we  denote  as  £.  That  Is, 


L 


max 

x 


log  p(  X,  I  |r) 


(5.26) 


Or,  as  an  alternative,  we  might  consider  maximizing  the  expected  value  of  (5.25)  over  $  as  in 

l  —  max  Ej  I  log  p(  &  jt  lx) 

‘  1  1  (5.27) 

Equations  (5.26)  and  (5.27)  will  produce  the  same  estimate  if  ;  appears  linearly  in 
log  p(  &  i  If)  and  If  i  -  E  I  i  ]  in  (5.26).  In  general,  however,  equations  (5.26)  and  (5.27) 
will  yield  different  estimates. 

The  approaches  in  (5.26)  and  (5.27)  each  have  the  desirable  property  that  if  the 
distribution  for  js  is  impulsive,  implying  that  $  is  deterministically  known  to  be  equal  to  then 
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reduce  to  tko  estimator  in  equation  (5.25).  la  addition,  (5.27)  hat  the  oka  proparty  that 
tha  esti aata  will  ba  iadapandaat  of  tha  specific  choke  for  g  This  is  dear  since  the  expectation 
operation  in  (5.27)  will  remove  any  g  dependence  from  the  expression.  Unfortunately,  tha 
estimator  defined  by  (527)  is  not  useful  because  knowledge  of  the  PDF  of  g  is  needed  in  order 
to  take  the  indicated  expected  value.  lust  as  we  could  not  assume  earlier  that  we  bad  knowledge 
of  an  internal  signal,  we  also  cannot  assume  knowledge  of  the  PDF  of  an  internal  signal.  The 
in  (5  J6)  ja  also  not  naeful  since  it  is  not  dear  where  g  comes  from,  and  even  if  it  were 
dear,  die  method  is  ad  hoc  in  nature. 

The  iterative  method  developed  by  Muskus  follows  naturally  from  this  discussion.  The 
method  begins  with  an  initial  guess  of  the  parameter  vector,  £,  which  we  denote  as  f,.  Then, 
assuming  that  these  parameters  are  in  fact  correct,  the  PDF  of  g  is  computed.  Because  the 
parameters  are  presumably  not  correct,  this  will  give  us  only  an  estimate  of  the  PDF  for  x. 
Having  done  this,  the  indicated  expected  value  in  (527)  is  taken  and  the  result  is  maximized 
over  £.  The  parameter  vector  associated  with  the  maximum  is  a  new  and  hopefally  improved 
estimate  of  the  actual  parameters.  The  process  can  then  be  repeated.  That  is,  the  new  estimate 
can  he  need  to  refine  the  previous  estimate  of  the  PDF  of  g,  which  is  then  used  to  perform  the 
expected  value  operation,  which  in  torn,  leada  to  another  parameter  estimate.  The  scheme 
continues  in  this  manner  until  the  successive  parameter  estimates  are  no  longer  changing 
indicating  that  convergence  has  occurred.  Mathematically,  we  can  write  this  iterative  procedure 
as  follows 


h  —  max  Ex  [  log  p(  g,  g  |  r)  |  £  £,-t  ] 
—  max  J _  log  p(  g,  g  If)  P<  S  If,  h-i) 

i  * 


(521) 


where  i  -  1,2,  •  •  •  and  2,  denotes  the  initial  guess  of  the  parameters. 
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Equatioo  (5.21)  is  the  iterative  ML  estimation  method  developed  by  Muskus  1231.  He 
Aowed  that  the  log  likelihood  (taction  of  the  original  ML  problem,  equation  (5.7),  is 
theoretically  guaranteed  to  monotonically  increase  with  each  iterative  pass  of  this  method.  He 
•iso  proved  a  general  convergence  theorem  which  states  the  following.  If  the  PDFs  in  the 
problem  formulation  are  continuously  differentiable  (implying  that  they  are  bounded  above)  and 
If  the  perameter  space  is  compact  (i.e.  a  closed  and  bounded  subset  of  infinite  space),  then  the 
sequence  of  estimates  produced  by  this  method  will  converge  to  a  set  of  points  in  parameter 
space.  This  set  of  points  consists  of  (i)  parameters  which  map  into  local  maxima  of  the  log 
likelihood  Auction,  (ii)  parameters  which  map  into  inflection  points  of  the  log  likelihood 
Auction,  and  (Hi)  points  on  the  boundary  of  the  parameter  space  which  map  into  or 

inflection  points  of  the  log  likelihood  function  which  are  on  the  image  of  the  parameter  space 
boundary. 

Several  comments  are  in  order  regarding  this  convergence  result  First,  in  maoy  signal 
models  of  interest  probability  desities  are  smooth  and  bounded  but  the  parameter  space  is  not 
compact.  In  these  cases,  convergence  cannot  be  guaranteed.  Intuitively,  the  compactness 
condition  Is  needed  so  that  the  parameters  do  not  drift  off  to  infinity  and  the  smoothness 
condition  on  the  PDFs  is  needed  so  that  the  log  likelihood  Auction  does  not  become  infinite. 
Secondly,  even  if  the  conditions  for  convergence  are  satisfied,  convergence  is  only  guaranteed  to 
a  set  of  points,  not  to  a  single  point.  This  means  that  it  is  possible  for  successive  estimates  to 
'wander  around*  the  set  of  points  and  not  actually  converge.  This  situation  is  most  likely  to 
occur  if  the  log  likelihood  function  function  has  a  flat  plateau  for  a  local  maximum. 

The  primary  attraction  of  M uncus’  method  is  in  computational  efficiency,  as  we  will  see  in 
the  next  section.  Other  approaches  to  solving  nonlinear  ML  problems  tnclude  brute  force 
maximixatioa  (ia  which  the  log  likelihood  Auction  is  sampled  on  a  grid  in  parameter-space  and 
the  parameters  associated  with  the  maximum  are  selected)  sod  gradient  hill-climbing  methods 
(of  which  Newton-Raphson  and  Fletcher-Powell  methods  are  popular  [111 [121) .  The  primary 
drawback  of  these  approaches  is  that  they  are  relatively  computationally  burdensome. 


II  Thn  lUrathr*  OmuIm  Pole-Zero  ML  Probiena 

The  power  and  elegance  of  the  iterative  scheme  given  In  equation  (5.28)  becomes 
apparent  when  it  is  applied  to  the  Gaussian  ML  pole-zero  estimation  problem  from  the  Section 
5.4.  The  ail-pole  and  ail-zero  models  will  be  treated  here  as  special  cases  of  the  pole-zero  model. 
Specifically,  the  all-pole  result  can  be  obtained  from  the  pole-zero  result  by  setting  ?»0,  while 
the  ail-zero  result  is  obtained  when  (2-0. 

In  Figure  5-7  we  divide  the  pole-zero  system  into  an  all-pole  system  followed  by  an  all- 
zero  system  and  select  the  auxiliary  signal,  as  the  signal  inbetween  these  two  systems.  This 
particular  choice  for  the  auxiliary  signal  should  come  as  no  surprise  since,  from  our  study  in 
Section  5.4,  we  know  that  if  x[n]  is  a  known  signal,  then  the  problem  of  estimating  the 
parameters  is  linear.  That  is,  estimating  the  zeros  given  x  is  precisely  the  case  of  perfect  source 
knowledge  (a  problem  which  we  found  to  be  linear)  and  estimating  the  poles  given  £  is  precisely 
(he  case  of  perfect  observations  with  known  to  be  equal  to  unity  (a  problem  which  we  also 
found  to  be  linear). 


/[/»] 


Figure  8-7.  The  selection  of  the  auxiliary  signal  in  the  pole-zero  model 

8.8.1  Derivation  of  the  Probability  Densities 

In  this  section  we  derive  the  form  of  the  two  probability  density  functions  in  equation 
(5.28)  for  the  pole-zero  signal  model  shown  in  Figure  5-7.  The  log  of  the  conditional  joint  PDF 
in  (5.28)  is  derived  by  using  Bayes  rule  as  follows 
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lot  P<  &  2  I  f)  -  log  P<  1 1  *  f)  +  to*  p(  g  |  r) 

To  compute  the  two  terms  on  the  right  haod  side,  we  make  note  of  the  relations 

i  -  A  *  +  v 


(5.29) 


(5.30) 

where  g  is  a  vector  of  length  N,  defined  as  the  vectors  are  in  (5.13),  and  A  and  B  are  defined  as 
in  (5.19)  and  (5.14).  We  obtain  directly  that 


p(  2  L  )  "  N(  A  x  ,  2,  ) 

and 

p(g\l)  -N(B-‘  SL  ,  B"1  1,  B-lf) 
Combining  these  last  two  results  gives 


(5.31) 


(5.32) 


-2  log  p{  x,  y  |  r  )  -  2 N  log (2*)  +  tog  |2,|  +  log  |B-1  Z,B~ 

+  (2-  AgVi;'  b-  Ag]  +  [«,-Bx]r2r1  la-Bil 


(5.33) 


The  form  of  the  other  PDF  in  (5.30),  p(x  |j»,  r  ),  is  obtained  directly  from  (5.33)  by 
recognizing  that  pig,  2  If  )  “  p($  If,  f)  p(f  If)  so  that  the  x  dependence  in  (5.33)  is  the  x 
dependence  in  p(x  Ij;,  r).  From  (5.33),  we  see  that  the  x  dependence  is  quadratic,  implying 
that  p(x  If.  f  )  is  Gaussian  and  therefore  can  be  written  as 


P<ili  f  )  -N(flt,|,.,  .  Sjrl,.,  ) 


where 


Ar2,-‘  A  +  Br2,-‘B 


and 


(5.34) 


(5.35) 
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x,1!vafci*,-Ar27‘jf  +  Br2 .-‘a 

(5.36) 

From  this  result  ve  see  that,  given  the  parameters  of  the  system,  the  inverse  covariance 
matrix  for  x  can  be  computed  using  (5.35)  and  the  mean  of  £  can  he  found  as  the  solution  to  the 
linear  equations  in  (5.36).  These  two  quantities  completely  specify  the  PDF  for  £  and  will  be 
used  to  take  the  expected  value  of  (5.33)  over  £.  Since  (5.33)  is  quadratic  in  *  we  will  need  to 
know  the  correlation  of  &  in  addition  to  its  mean.  Therefore,  the  inverse  covariance  matrix  in 
(5.34)  must  be  inverted,  and  using  the  mean,  the  correlation  matrix  must  be  obtained. 

8JJ  The  Quadratic  Dependence  on  the  Parameters 

Taking  the  expected  value  of  (5.33)  over  x  amounts  to  replacing  linear  terms  in  x  with  the 
mean  of  x  and  quadratic  terms  in  £  with  the  correlation  of  £.  Having  done  this,  what  remains 
must  be  maximized  over  r.  We  now  show  that  (5.33)  is  also  quadratic  in  /  so  that  the 
maximization  over  r  requires  only  linear  processing.  To  see  this,  we  first  note  that  the 
determinant  of  B  is  equal  to  unity  (see  eq.  (5.14)),  so  that  the  log  |B~12JB~1’j  term  In  (5.33) 
reduces  simply  to  log  |2,|.  Thus,  there  are  no  logs  of  determinants  containing  parameters  which 
we  must  minimize  over.  We  now  define  the  parameter  vectors 


&  - 

• 

A  - 

• 

Op 

which  implicitly  make  up  the  vector/,  and  the  Nx(P+ 1)  matrix  C  by 


(5.37) 


x  10]  0 
x(U  x  I0J 
xl2]  xll) 
x  (21 


and  the  NxQ  matrix  D  by 


0  0 

xIO]  0 
xll]  xIO] 
xl2]  xll] 
.  x  [2] 


(5.39) 


In  this  way,  we  may  use  the  relations 


A  2  -  C  a 


B  x  —  g  —  O  b 


to  rewrite  (5.33)  as 


-2  log  p(  x.  2  |  r  )  -  ]a  -  m,  lr  l,1  [0  -  m,  ]  +  [A  -  m*  ]r  I*1  [5  -  m*  ] 


+  terms  independent  of  a  and  b 


where 


271  -  Cr  27l  C  27l  -  Dr  i,- 1  D 


i;1  rn.-cT i;1  i  i,-‘a  -Dr2;»  <*-&) 


(5.43) 


From  this  result  we  see  that  if  the  auxiliary  signal,  x,  is  known,  then  the  estimates  of  the 
pole-zero  coefficients  can  be  obtained  as  the  solution  to  the  linear  equations  in  (5.43).  However, 


1 
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sioce  s  t*  not  known,  we  take  the  expected  value  of  the  equation  in  <3.43)  over  2  This  involves 
lint  estimating  the  mean  and  correlation  of  2  assuming  that  the  previous  parameter  estimates  are 
correct,  as  discussed  earlier.  Then,  linear  terms  in  2  are  replaced  with  the  estimated  mean  of  2 
and  quadratic  terms  in  2  are  replaced  with  the  estimated  correlation.  The  result  is  a  new  set  of 
linear  equations  which  are  then  solved  to  produce  a  new  parameter  estimate.  The  iterative 
procedure  then  repeats.  The  new  parameter  estimate  is  used  to  refine  the  estimate  of  the  mean 
and  correlation  of  2  which  in  turn  leads  to  a  refined  parameter  estimate. 

113  Summary  of  the  Iterative  Procedure 

The  iterative  ML  procedure  for  the  Gaussian  pole-zero  problem  can  now  be  explicitly 
stated.  Begin  with  an  initial  estimate  for  the  model  parameters,  rt.  Then,  successive  estimates 
are  obtained  by  the  following  3-part  procedure 


for  /  -  1,2,  •  •  • 


(1)  Estimate  the  statistics  of  the  auxiliary  signal 

(a)  Estimate  the  inverse  of  the  covariance  matrix,  by  computing  (5.3S)  using 

(b)  Estimate  the  right-hand-side  of  <3.36)  by  computing  the  right-hand-side  of  <5.36) 

using  £_i. 

<c)  Estimate  the  mean  of  the  auxiliary  signal,  by  solving  the  system  of  equations 

in  <5.36)  using  the  estimated  quantities  from  parts  (la)  and  (lb). 

(d)  Estimate  the  covariance  matrix  for  the  auxiliary  signal,  by  inverting  the  matrix 

in  part  (la). 

(e)  Estimate  the  co  relation  matrix  for  the  auxiliary  signal  using  the  estimated  mean  and 

covariance  from  parts  (lc)  and  (Id). 

(2)  Compute  the  expected  value  of -2  log  p(  x,  x\r). 


(a)  Use  the  estimated  correlation  matrix  from  part  (le)  to  take  the  expected  value  of  the 
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equations  la  <5.42). 

(b)  Use  the  estimated  mean  from  from  part  (lc)  and  the  estimated  correlation  from  part 
(le)  to  take  the  expected  value  of  the  right-hand-side  of  the  equations  in  (5.43). 

(3)  Solve  the  two  sets  of  linear  equations  in  (5.43)  using  the  results  of  parts  (2a)  and  (2b)  to 
obtain  the  new  estimates  for  the  model  parameters,  £. 

11.4  Algorithms,  Computation  and  Storage 

The  computational  and  storage  requirements  associated  with  this  procedure  were  studied 
in  detail  by  Musicus.  To  summarize  his  findings,  parts  (la),  (lb),  (le),  (2a)  and  (2b)  above 
consist  oaly  of  vector/matrix  multiplies  and  adds.  These  operations  can  be  done  rapidly,  relative 
to  the  other  steps  in  the  procedure. 

Parts  (lc)  and  (3)  require  the  solution  to  sets  of  linear  equations.  The  matrix  in  each  case 
is  symmetric  and  positive  definite,  so  that  no  pivoting  is  required  and  modified  Cholesky 
decomposition  can  be  used.  The  matrices  in  part  (3)  are  small  relative  to  the  NxN  matrix  in  part 
(lc).  However,  the  maxtrix  in  (lc)  has  only  (3+1  non-zero  diagonals,  assuming  that  Q  »  P,  so 
that  only  these  diagonals  need  be  stored.  If  done  carefblly,  only  roughly  N(Q*+9Q+2)/2 
computations  are  needed  to  solve  the  equations  [23]. 

In  part  (Id),  the  NxN  matrix  from  part  (lc)  must  be  Inverted.  However,  thr  processing 
subsequent  to  part  (Id)  only  makes  use  of  fl+i  diagonals  of  the  NxN  covariance  matrix. 
Musicus  devised  a  clever  algorithm  to  evaluate  only  these  elements  of  the  covariance  matrix. 
The  method  makes  use  of  the  in-place  Cholesky  decomposition  from  part  (lc)  and  uses  only  a 
modest  amount  of  increased  storage.  The  needed  elements  of  the  inverse  matrix  can  be 
computed  with  roughly  NlQi+Q+l)  computations  using  this  method  [23).  When  Q  is  much 
less  than  N,  this  represents  a  significant  savings,  relative  to  computing  the  entire  inverse  matrix. 


MJ  Convergence 
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As  Musicus  sho««d,  it  is  sot  possible  to  prove  that  the  sequence  of  perimeter  estimates 
produced  by  this  procedure  will  converge.  Convergence  caanot  be  proved  because  it  is  possible 
to  have  a  pole-zero  pair  cancellation  which  drifts  off  to  infinity.  Since  the  parameters  can  drift  to 
infinity,  the  parameter  space  is  not  compact  and  the  convergence  theorem  does  not  apply.  In 
order  to  guarantee  convergence.  It  must  be  true  that  if  any  of  the  parameters  go  to  ±«,  then 
the  log  likelihood  Auction  must  tend  to  -«•.  In  this  way,  the  problem  can  be  recast  so  that  the 
maximization  is  performed  over  a  closed  and  bounded  subset  of  infinite  space.  Such  a  subset  is, 
by  definition,  compact,  and  therefore  convergence  is  guaranteed. 

As  Musicus  showed,  convergence  is  guaranteed  in  the  case  where  either  the  poles  or  the 
zeros  are  known.  This  is  dear  from  the  discussion  above  since  there  can  be  no  pole-zero  pair 
cancellations  which  drift  to  infinity  in  this  case.  If  any  of  the  unknown  parameters  drift  to  ±m, 
the  log  likelihood  Auction  will  go  to  -<*>. 

As  e  final  note,  Musicus  showed  that  the  convergence  rate  of  this  iterative  method  is 
geometric,  which  can  be  slow. 

8.7  The  Iterative  Gaussian  ML  Dereverberation  Problem 

In  this  section,  we  apply  the  iterative  ML  theory  from  Section  5.5  to  the  Gaussian 
dereverberatioo  problem  for  the  specific  case  of  the  single  wavenumber  model  from  Section 
5  2.3.  As  we  will  see,  the  dereverberation  problem  is  closely  related  to  the  pole-zero  estimation 
problem  and  the  treatment  here  dosely  parallels  the  treatment  of  Section  5.6. 

In  Figure  5-8  we  show  the  discrete  dereverberation  model  which  is  of  interest  in  this 
thesis.  The  input  to  the  system  is  a  causal  Gaussian  random  process,  s[n],  which  we  use  to 
model  samples  of  the  Hilbert  transform  of  a  delayed  version  of  the  source.  The  Hilbert 
transform  of  the  source  pulse  will  have  energy  for  n  <  0  and  the  delay  is  needed  so  that  the 
result  can  be  modeled  as  causal.  For  n  »  0,  the  stochastic  nature  of  ;[»]  models  the 
uncertainty  in  our  knowledge  of  the  source  pulse. 
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v[n\ 


/[/?] 


Figure  5-9.  The  discrete  dereverberation  model 


The  rln]  sequence  in  Figure  S-8  represents  samples  of  the  reflection  coefficient  signal  at  a 
tingle  axial  wavenumber,  r(t  1*^),  and  in  the  figure  we  have  indicated  that  rfn]  is  modeled  as 
all-zero.  We  elected  to  use  an  ail-zero  model  for  rln]  because  the  closed-loop  system  for  this 
choke  is  pole-zero  where  the  poles  and  zeros  are  related  (Section  5.3).  That  is,  this  selection 
corresponds  to  a  constrained  pole-zero  system.  Had  we  modeled  rln]  as  ail-pole  or  pole-zero 
then  the  closed-loop  model  would  have  also  been  ail-pole  or  pole-zero,  respectively.  Thus,  these 
latter  two  choices  are  no  different  than  the  estimation  systems  treated  in  Section  5.6. 

In  an  effort  to  maintain  the  same  notation  as  before,  we  model  the  reflection  coefficient 
sequence  with  rln]  «  a,.  Also  as  before,  we  measure  N  samples  of  the  system  output,  /In], 
and  denote  the  measurements  by  y(n].  The  measurements  differ  from  the  actual  output  by  an 
amount  v[n],  which  is  a  zero-mean  and  possibly  non-stationary  Gaussian  random  process, 
independent  of  the  source  process. 

Also  shown  in  Figure  5-8  is  the  selection  of  the  auxiliary  signal,  x[n],  to  be  used  in  the 
Iterative  scheme.  Specifically,  we  define  the  auxiliary  signal,  x In]  by  the  implicit  relationship 


xlfll  -  sin]  +  x(a]  *  /-In]  n  -  0, 1 


(5.44) 


With  this  choice  for  x[n],  we  now  show  that  the  nonlinearity  in  the  ML  problem  decomposes 
into  the  iterative  solution  of  only  linear  problems,  as  was  the  case  in  the  pole-zero  application. 
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1.7.1  Dcrivatim  of  the  Probability  Densities 

Using  the  same  notation  as  before,  and  realizing  that  P  •  Q  In  this  system,  we  have  that 


i-A|  +  *  *  -  (1-  A)“l  i 

<5.45) 

which  is  precisely  the  pole-zero  system  model  given  In  (5  30)  with  B  replaced  with  I  -  A.  It 
follows  directly  that  the  log  likelihood  Auction  for  this  case  is  given  by  (5.33)  with  this  same 
substitution.  Specifically, 

-2  log  p(  £,  x  1 1)  “  {  B*  “  (I“A)g  ]  2  f 1  [  a  “  (I“A)3  ]  +  (  2  -  A  jc)r  2f“l  (l“Aj) 
+  log  |(I  -  A)“'  2,  (I  -  A)-1'  |  +  2 N  log(2»)  +  log  |2,| 

(5.46) 

As  before,  from  this  it  follows  that  the  conditional  density  for  £  given  r  and  j»  is  Gaussian  with  a 
mean  and  covariance  given  by  (5.35)  and  (5.36)  with  B  replaced  with  I  -  A.  We  give  the  result 
of  this  substitution  here 


and 


i;\fJ  -  Ar  s,-1  a  +  a  -  a)  r  x;1  a  -  a) 


(5.47) 


3,1,./  “  ArX,“l  1  +  (I  -  A)  7  2," 1  & 

(5.4*) 


From  this  result  we  see  that,  given  the  reflection  coefficient  sequence,  the  inverse 
covariance  matrix  for  £  can  be  computed  from  (5.47)  and  the  mean  of  £  can  be  found  as  the 
solution  to  the  linear  equations  in  (5.48).  These  two  quantities  completely  specify  the  PDF  for  £ 
so  that  we  may  take  the  desired  expected  value  of  (5.46).  Because  (5.46)  is  quadratic  in  * 
taking  the  expected  value  requires  knowledge  of  only  the  mean  and  correlation  of  £.  The  mean 
was  fouod  above  as  the  solution  to  a  set  of  linear  equations.  The  inverse  covariance  matrix  from 
above  must  be  inverted,  and  combined  with  the  mean,  to  obtain  the  correlation  matrix. 
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i.7  J  Qudntie  Dwpwndenca  on  the  Pinmtiri 

As  in  the  pole-zero  case,  taking  the  expected  value  of  <5.46)  over  z  amounts  to  replacing 
linear  terms  in  z  with  the  mean  of  x  and  quadratic  terms  io  z  with  the  correlation  for  £  Having 
done  this,  what  remains  must  be  maximized  over  £.  We  now  examine  the  dependence  of  (5.46) 
upon  the  unknown  parameters. 

We  see  immediately  that  the  dereverberation  problem  is  ill-posed  if  a,  is  not  known. 
Specifically,  the  determinant  of  I  -  A  is  given  by  (1  -  a,)*.  Therefore,  the  ML  solution  will  be 
to  select  an  a,  as  large  as  possible  since  the  log  likelihood  function  In  (5.46)  is  minimized  in  this 
case.  Viewed  in  reverse,  there  will  be  a  strong  incentive  not  to  select  at  -  l  since  (S.46)  is 
maximized  at  this  point. 

In  order  to  make  the  dereverberation  problem  well-posed,  we  will  assume  that  a,  —  0.  In 
this  way,  the  first  sample  of  the  reflection  coefficient  signal  is  zero,  indicating  that  there  is  a  delay 
in  the  signal  and  that  successive  reflections  are  successively  delayed,  as  we  would  expect. 
Therefore,  we  define  the  parameter  vector,  r,  to  be  of  length  P,  instead  of  P+l,  as  follows 


£  “ 


Or 


(5.49) 


We  now  show  that,  in  tying  the  poles  and  zero  together  as  we  have  in  this  model,  equation 
(5.46)  is  still  quadratic  in  the  parameters.  Specifically,  we  can  write 


A*  -Di 


(5.51) 


where  D  was  defined  in  (5.39).  Upon  substituting  this  into  (5.46),  we  find  that  we  can  recast 
(5.46)  into  a  form  where  the  quadratic  dependence  on  ^is  apparent.  Specifically,  we  can  write 


■2  log  p(  £,  2  !  r)  -  (/  -  -  fl,)  +  terms  independent  0 t  £ 


(5.52) 


•here 


and 


If_1  -  Dr  I,"1  +  s;1  D 


(5.53) 


ST1  a,  -Dr[xr‘j!  +  27‘(  *-*,)] 


(5.54) 


From  this  resuit  we  see  that  if  the  auxiliary  signal,  £  is  known,  then  the  estimate  of  the 
reflection  coefficient  sequence  can  be  obtained  as  the  solution  to  the  linear  equations  in  (5.54). 
However,  since  £  is  not  known,  we  take  the  expected  value  of  (5.54)  over  x.  As  mentioned 
earlier,  this  amounts  to  replacing  linear  terms  in  £  with  the  estimated  mean  of  £  and  quadratic 
terms  in  x  with  the  estimated  correlation.  The  result  is  a  new  set  of  linear  equations  which  is 
then  solved  to  produce  a  new  parameter  estimate.  The  iterative  procedure  then  repeats.  The 
new  parameter  estimate  is  used  to  refine  the  estimate  of  the  mean  and  correlation  of  £  which  in 
turn  leads  to  a  refined  parameter  estimate. 


S.75  A  Summary  of  the  Iterative  Procedure 

The  iterative  ML  dereverberatioo  scheme  can  now  be  explicitly  stated.  Begin  with  an 
initial  estimate  for  the  reflection  coefficient  signal  vector,  Then,  successive  estimates  are 
obtained  by  following  procedure 

Cor  1,2,  •  •  ■ 

(1)  Estimate  the  statistics  of  the  auxiliary  signal. 

(a)  Estimate  the  inverse  of  the  covariance  matrix,  Xjf,,,,  by  computing  (5.47)  using 

(b)  Estimate  the  right-hand-side  of  (5.48)  by  computing  the  right-hand-side  of  (5.48) 

using  £_  j. 

(c)  Estimate  the  mean  of  the  auxiliary  signal,  by  solving  the  system  of  equations 
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in  (5.48)  using  the  estimated  quantities  from  parts  (la)  and  (lb). 

(d)  Estimate  the  covariance  matrix  for  the  auxiliary  signal,  X*  \}J ,  by  inverting  (he  matrix 

in  part  (la). 

(e)  Estimate  the  correlation  matrix  for  the  auxiliary  signal  using  the  estimated  mean  and 

covariance  from  parts  (lc)  and  (Id). 

(2)  Compute  the  expected  value  of -2  log  p(  x,  ±\r). 

(a)  Use  the  estimated  correlation  matrix  from  part  (le)  to  take  the  expected  value  of 

(5.53). 

(b)  Use  the  estimated  mean  from  from  part  (lc)  and  the  estimated  correlation  from  part 

(le)  to  take  the  expected  value  of  the  right-hand-side  of  (5.54). 

(3)  Solve  the  set  of  linear  equations  in  (5.54)  using  the  results  of  parts  (2a)  and  (2b)  to  obtain 

the  new  estimates  for  the  model  parameters,  £. 

8.7.4  Algorithms,  Computation  and  Storage 

The  computational  and  storage  requirements  associated  with  this  procedure  are  essentially 
the  same  as  in  the  pole-zero  case  (Section  5.6.4).  Again,  modified  Cholesky  decomposition 
followed  by  back-substitution  can  be  used  to  solve  the  linear  equations  and  Musicus'  technique 
to  inverting  only  the  needed  diagonals  of  the  covariance  matrix  applies  here  as  well.  As  before, 
the  leading  order  behavior  of  the  computation  is  IV  f5. 

175  Convergence 

Because  the  reflection  coefficient  is  theoretically  guaranteed  to  be  less  than  unity  in 
magnitude,  it  follows  that  each  element  of  the  finite  length  reflection  coefficient  sequence  is 
bouoded  and  therefore,  that  the  parameter  space  is  compact.  That  is,  the  maximization  should 
only  be  performed  over  those  parameters  which  map  into  reflection  coefficients  which  are  less 
than  unity  in  magnitude  and  in  this  way,  no  parameters  can  diverge  to  infinity.  If  the 
maximization  is  indeed  restricted  to  this  compact  space,  then  the  convergence  theorem  proved 
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by  Mosteus  applies  to  the  dereverberatioo  ease.  However,  In  the  iterative  method  outlined  above 
there  is  no  guarantee  that  the  parameter  estimates  will  remain  within  this  compact  space. 
Therefore,  the  estimates  may  diverge  to  infinity  and  convergence  is  not  guaranteed.  What  is 
needed,  of  course,  is  a  method  of  maximizing  the  log  likelihood  function  only  over  the  compact 
space  of  interest.  We  have  not  done  this  here  and  conclude  that  convergence  Is  not  guaranteed. 

The  fact  that  the  dereverberation  model  can  be  viewed  as  a  constrained  pole-zero  model 
has  implications  regarding  the  speed  of  convergence,  provided  that  it  occurs.  The  time  required 
for  an  iterative  pole-zero  estimation  method  to  converge  is  typically  governed  by  the  time 
required  for  the  zeros  to  converge,  not  the  poles  124}.  Based  on  this,  we  intuitively  expect  that 
by  tying  the  poles  to  the  zeros  as  we  have,  the  time  required  for  the  dereverberation  problem  to 
converge  will  be  slower  than  the  time  it  takes  for  the  poles  to  converge,  but  faster  than  the  time 
it  takes  the  zeros  to  converge,  in  the  corresponding  unconstrained  pole-zero  problem.  In  this 
sense,  the  overall  convergence  properties  of  the  dereverberation  problem  are  expected  to  be 
better  than  those  of  the  corresponding  pole-zero  problem. 

U  Summary 

We  began  this  chapter  with  the  relationship  derived  in  Chapter  m  between  the  reflection 
coefficient  and  the  reflected  component  of  the  field  in  the  borehole  aod  extracted  several  signal 
processing  models  from  it.  Of  the  three  models  which  were  immediately  suggested  (i.e.  the  20 
model,  the  single  frequency  model  and  the  single  wavenumber  model),  we  selected  the  single 
wavenumber  model  for  specific  and  detailed  investigation  in  this  chapter  and  the  next 

We  then  made  the  switch  to  the  discrete  domain  and  adopted  a  pole-zero  parametric 
model  representation  for  the  reflection  coefficient.  With  this  representation,  the  reflection 
coefficient  estimation  problem  is  reduced  to  a  problem  of  estimating  a  finite  set  of  parameters. 

Following  this,  we  focused  on  the  maximum  likelihood  estimation  method  for  estimating 
the  parameters  of  the  reflection  coefficient  model.  We  examined  the  classical  all-pole,  ail-zero 


-145- 


and  pole-zero  ML  problems,  only  to  find  that  they  are  all  difficult  nonlinear  maximization 
problems,  even  in  the  Gaussian  case. 

Musicus’  iterative  approach  to  solving  nonlinear  ML  problems  was  then  intuitively 
motivated  and  presented.  This  method  was  identified  as  only  one  of  a  number  of  possible 
approaches  to  solving  the  problem.  This  was  followed  by  the  application  of  his  method  to  the 
nonlinear  pole-zero  problem  discussed  earlier.  Here,  the  power  and  elegance  of  the  method 
became  apparent.  In  effect,  through  the  introduction  of  an  auxiliary  signal  into  the  processor, 
the  nonlinearity  in  the  problem  decomposed  into  the  iterative  solution  of  two  interconnected 
linear  problems.  The  log  likelihood  function  is  guaranteed  to  monotonically  increase  and 
computationally  efficient  algorithms  were  devised. 

Musicus'  iterative  ML  theory  was  then  applied  to  the  Gaussian  ML  dereverberation 
problem  for  the  specific  case  of  the  single  wavenumber  model.  The  reflection  coefficient  signal 
in  this  model  was  modeled  using  an  all-zero  representation  and  the  result  was  seen  to  be  a 
pole-zero  problem  in  which  knowledge  of  the  poles  implies  knowledge  of  the  zeros  and  vice 
versa.  The  application  of  the  iterative  ML  theory  to  this  constrained  pole-zero  problem  was 
found  to  be  as  powerful  and  elegant  as  in  the  unconstrained  case.  Furthermore,  we  expect  that, 
by  tying  the  poles  to  the  zeros,  the  overall  time  required  for  convergence  will  be  less  than  in  the 
corresponding  unconstrained  pole-zero  case. 


VI.  THE  SINGLE  WAVENTJM3E3  SYSTEM 


il  Introduction 

In  this  chapter  ve  present  and  analyze  the  results  of  applying  the  iterative  maximum 
likelihood  dereverberation  method  developed  in  Section  S. 7  to  the  single  wavenumber  processing 
model  described  in  Section  5.2.  Arrays  of  synthetic  acoustic  well  togging  waveforms,  computed 
using  the  method  described  in  Chapter  IV,  are  used  here  as  a  data  base.  In  this  way,  we  are  able 
to  make  a  meaningful  evaluation  of  the  iterative  ML  method,  as  discnssed  earlier. 

The  goal  in  the  single  wavenumber  system  is  to  estimate  the  reflection  coefficient 
associated  with  the  formation  as  a  function  of  frequency  for  a  single  value  of  axiai  wavenumber. 
To  review,  the  single  wavenumber  system  is  shown  in  Figure  6-1.  We  see  that  the  system  is 
driven  by  the  Hilbert  transform  of  the  source  pulse  and  that  the  system  output  is  the  reflected 
pressure  field  on  the  borehole  axis  at  a  single  axial  component  of  wavenumber.  The  problem, 
then,  is  to  estimate  the  slice  of  the  reflection  coefficient  given  noisy  observations  of  the  single 
wavenumber  pressure  field,  the  statistics  of  the  observation  noise,  the  best  guess  of  the  source 
pulse,  and  the  statistics  of  our  uncertainty  in  the  source. 


PM\kt) 


Figure  6-1.  The  single  wavenumber  system 


In  Figure  6-2,  we  show  the  discrete  domain  representation  of  the  single  wavenumber 
system  shown  in  Figure  6-1.  Here  we  have  represented  the  Fourier  transform  of  the  slice  of  the 
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reflection  coefficient  by  its  discrete  time  samples.  The  input  and  output  of  the  discrete  system  in 
Figure  6-2  are,  again,  given  by  the  samples  of  the  continuous  signals  in  Figure  6-1.  This  is  a 
natural  representation  since  the  data  acquisition  will  typically  be  done  digitally. 


v[n\ 


y[n] 


Figure  6-2.  The  discrete  time  dereverberation  system 


This  chapter  is  structured  according  to  the  following  outline.  First,  we  put  forth  a 
sequence  of  experiments  designed  to  isolate  and  test  various  aspects  of  interest  concerning  the 
iterative  ML  dereverberation  method.  Then,  we  conduct  the  experiments  and  present  the 
results.  Following  this,  the  results  are  assimilated  and  some  preliminary  conclusions  are  drawn. 
Finally,  we  point  the  way  toward  future  research  relative  to  the  single  wavenumber  system. 

Before  proceeding  with  the  experiment  design,  two  important  issues  must  first  be 
explored.  The  first  is  the  estimation,  or  extraction,  of  the  single  wavenumber  reflected  pressure 
field  from  the  reflected  component  of  the  total  field  containing  all  wavenumbers.  Here,  the 
primary  issue  is  how  to  perform  this  extraction  with  only  a  finite  aperture  receiver  array.  We 
discuss  this  subject  in  Section  6.2.  The  other  issue  we  must  explore  is  the  duration  of  the 
reflection  coefficient  signal,  and  the  dependence  of  the  duration  on  the  choice  of  k..  This  subject 
is  studied  in  Section  6.3.  Following  this,  we  design  the  sequence  of  experiments  (Section  6.4), 
present  the  results  from  conducting  these  experiments  (Section  6.5),  draw  some  preliminary 
conclusions  (Section  6.6)  and  point  the  way  for  future  research  (Section  6.7). 


6.2  The  Reflected  Pressure  Field  at  a  Single  Wavenumber 
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The  estimation  performance  of  the  iterative  ML  method  when  applied  to  the  single 
wavenumber  dereverberatioo  system  will  depend  strongly  on  the  particular  receiver  array  design. 
Assuming  that  the  inter-receiver  spacing  is  sufficient  to  adequately  sample  the  wavelengths 
Involved,  the  only  issues  are  the  length  of  the  array  aperture  and  its  placement  relative  to  the 
source.  Taken  together,  the  aperture  and  its  offset  give  us  a  window  in  s  through  which  we 
observe  the  reflected  field,  prCt,t).  From  this  spatially  windowed  version  of  the  field,  the 
problem  is  to  extract  the  reflected  field  at  a  single  wavenumber,  p,(t  |  k.).  For  a  sufficiently  large 
aperture  array  placed  at  zero  offset  from  the  source,  the  single  wavenumber  field  can,  in  theory, 
be  obtained  by  Fourier  transforming  the  array  spatially  and  evaluating  the  result  at  the  desired 
wavelength.  The  issue  here,  then,  is  the  extraction  of  p,  (t  |  k.)  from  a  limited  aperture  array. 

We  examine  this  issue  in  this  section.  We  begin  by  numerically  computing  the  theoretical 
angle  wavenumber  reflected  pressure  field  on  the  axis  for  a  specific  formation  model.  Following 
this,  we  consider  3  different  array  designs  and  in  each  case,  we  transform  synthetic  data  across 
the  array  and  compare  the  results  with  the  theoretical  single  wavenumber  field.  In  this  way,  we 
are  able  to  evaluate  the  effects  of  having  a  limited  aperture  of  data.  We  do  not  explore  other 
approaches  to  obtaining  pr(t  I  k.)  from  a  finite  aperture  array. 

8.2.1  The  Theoretical  Single  Wavenumber  Reflected  Pressure  Field 

In  Figure  6-3  we  show  the  theoretical  single  wavenumber  reflected  pressure  field  on  the 
axis  of  the  borehole  as  a  function  of  time  for  10  values  of  axial  wavenumber.  The  axial 
wavenumbers  range  from  0  cm'1  to  1  cm'1  in  increments  of  1/9.  These  waveforms  correspond 
to  an  infinite  homogeneous  elastic  solid  formation  model  which  has  a  congressional  speed  of  3.5 
Km/s  and  a  shear  speed  of  2  Km/s.  The  borehole  fluid  speed  was  taken  to  be  1.5  Km/s  and  the 
ratio  of  the  formation  density  to  the  borehole  fluid  density  was  taken  to  be  2.  The  borehole 
radius  was  chosen  to  be  10  cm.  Finally,  a  2nd  derivative  of  a  Blackman  window,  100  p.%  in 
duration,  was  used  as  a  source  pulse.  A  pulse  of  this  type  is  shown  in  Figure  4-7. 

Mathematically,  the  signals  in  Figure  6-3  were  obtained  by  numerically  integrating  the 
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Figure  6-3.  The  theoretical  single  wavenumber  reflected  pressure  field 
following  expression  10  times,  each  with  a  different  value  of  k„. 

HM  SM  J  t'm,iu 

■->  (6.1) 

A  ♦ 

This  is  equivalent  to  equation  (4.1)  with  D(k,)  «■  5(fcr  -  kx),  demodulated  to  remove  the 
spatial  dependence.  That  is,  the  signals  in  Figure  6-3  can  be  interpreted  as  the  reflected 
component  of  the  field  in  the  hole  due  to  a  line  source  with  a  spatially  sinusoidal  distribution. 


PrU 


Consistent  with  the  line  source  interpretation,  note  in  Figure  6-3  that  all  10  signals 
•arrive*  at  the  time  predicted  by  ray  theory,  t  -  2 a/v/  -  133  1/3  pS,  independent  of  the  choice 
of  k,.  However,  the  general  character  of  the  signals  changes  dramatically  with  k..  Specifically,  at 
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«mall  values  of  k,  tbe  line  source  effectively  bea  informs  its  energy  into  the  formation  at  normal 
incidence  and  the  waveforms  show  each  individual  reflection  of  the  source  pulse  off  the  borehole 
wall.  Note  that  the  successive  reflections  change  in  shape  and  attenuate  geometrically. 

At  intermediate  values  of  axial  wavenumber  (specifically,  note  the  signal  in  Figure  6-3 
which  corresponds  to  -  4/9  cm'1,  or  an  axial  component  of  wavelength  of  5.57  indies)  the 
pressure  signal  is  seen  to  change  from  a  sum  of  individual  reflections  at  early  times  to  a  steady- 
state  sinusoidal  type  of  behavior  as  time  increases.  This  sinusoidal  behavior  corresponds 
physically  to  the  exdtation  of  a  mode  in  the  borehole.  That  is,  for  this  value  of  there  exists 
an  m  such  that  the  <^,w)  pair  precisely  satisfies  the  condition  for  a  propagating  mode. 

This  modal  behavior  can  be  explained  equally  well  from  a  signal  processing  perspective. 
Spetifically,  in  the  frequency  domain,  imagine  the  effects  of  summing  the  successively  reflected 
signals.  The  Fourier  transform  of  the  total  signal  is  given  by  the  sum  of  the  transforms  of  the 
individual  signals  of  which  it  is  composed.  At  a  given  frequency,  the  phase  of  the  transform  of 
the  individual  pulses  will  generally  not  all  be  the  same  and  the  magnitude  will  generally  be  less 
than  unity.  Therefore,  summing  the  individual  transforms  at  that  frequency  will  be  incoherent, 
meaning  that  the  sinusoidal  'waves'  at  that  frequency  tend  to  destructively  interfere.  The  result 
is  a  relatively  small  total.  The  condition  for  a  'mode*  to  occur  at  some  frequency,  then,  is  for 
the  reflection  coefficient  to  equal  unity  at  that  frequency.  In  this  way,  the  phases  of  all  the 
individual  reflections  3dd  constructively  and,  because  the  magnitude  of  the  reflection  coefficient 
is  unity,  the  overall  transfer  function  has  a  pole  at  that  frequency. 

At  the  larger  values  of  kj  in  Figure  6-3,  the  signals  are  seen  to  exhibit  more  complicated 
behavior  with  increasing  time.  Specifically,  we  see  bursts  of  sinusoids,  where  the  bursts 
themselves  appear  periodically.  Physically,  this  corresponds  to  the  interference  between  more 
than  one  mode.  That  is,  there  are  actually  several  sinusoids  present  in  these  signals  at  late  times 
and  one  sees  only  the  interference  effects  corresponding  to  the  sum  of  the  sinusoids. 


6.2.2  The  Zstxaction  ot  p,(s  lit,)  From  an  Array 
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In  Figure  6*4  we  show  10  p,U  |il^)  signals  to  be  compared  with  those  in  Figure  6-3. 
These  signals  were  obtained  by  tapering  an  array  of  synthetic  waveforms  with  a  Blackman 
window  and  transforming  the  result  over  space.  Specifically,  the  synthetic  array  of  data  shown  in 
Figure  4-9  was  used  here  because  the  parameters  associated  with  this  synthetic  data  set  are 
precisely  those  used  in  Figure  6-3.  The  receiver  array  consists  of  100  elements  spaced  1"  apart, 
which  implies  an  aperture  of  8*3".  The  transmitter-receiver  spacing  (TRS)  was  zero,  implying 
that  the  first  receiver  in  the  array  is  located  at  the  position  of  the  point  source. 

Comparing  Figure  6-4  with  Figure  6-3,  we  note  that  the  dominant  effect  associated  with 
the  use  of  a  finite  aperture  array  is  to  reduce  the  amplitude  of  the  large  time  behavior.  This  is 
partially  due  to  the  use  of  the  Blackman  window,  but  primarily  due  to  the  fact  that  the  modes 
propagate  out  beyond  the  extent  of  the  array.  In  the  limit  as  the  receiver  array  aperture  extends 
out  to  infinity,  the  pr(t !  k.)  signals  obtained  by  transforming  the  array  of  data  will  approach  the 
signals  in  Figure  6-3. 

In  Figures  6-5  and  6-6  we  see  the  results  of  spatially  transforming  two  different  receiver 
arrays.  Figure  6-5  corresponds  to  ?  50  receiver  array  with  a  2"  inter-receiver  spacing  (an  8’2" 
aperture),  while  Figure  6-6  is  a  50  receiver  array  with  a  1"  spacing  (a  41"  aperture).  The  TRS  is 
zero  in  each  case.  Thus,  the  array  corresponding  to  Figure  6-5  was  obtained  from  the  array 
corresponding  to  Figure  6-4  by  eliminating  every  other  element  while  the  array  corresponding  to 
Figure  6-6  was  obtained  from  the  array  corresponding  to  Figure  6-4  by  eliminating  the  last  half  of 
the  array. 

Note  that  in  Figure  6-5  the  large  time  behavior  is  similar  to  that  in  the  100  receiver  case. 
Figure  6-4,  because  the  array  aperture  is  roughly  the  same  in  the  two  cases.  This  is  in  contrast 
with  Figure  6-6  where  the  shortened  aperture  is  seen  to  greatly  reduce  the  sensing  of  the  modes. 
Also  note  that  the  shortened  array  tends  to  follow  Figure  6-4  better  at  early  times  than  the  array 
obtained  by  eliminating  every  other  receiver.  This  is  due  to  the  fact  that  the  array  which  samples 
the  field  every  2"  is  actually  inadequate  at  the  larger  values  of  kt.  That  is,  the  wavelength 
associated  with  the  last  signal  (i.e.  k:  -  1  cm-1)  is  just  less  than  2.5"  which  Is  inadequately 
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sampled  by  an  array  with  2"  spacing. 

In  conclusion,  for  a  given  fe.,  each  frequency  will  propagate  to  some  axial  distance  from 
the  source.  Those  frequencies  corresponding  to  modes  wilt  propagate  to  very  targe  distances, 
while  those  that  do  not  are  relatively  contained  axially.  Thus,  it  appears  that  there  is  a 
"reasonable*  distance  beyond  which  most  frequencies  do  not  propagate  and  that  the  array 
aperture  should  be  chosen  roughly  equal  to  this  distance.  In  order  to  capture  the  modes,  a  much 
longer  array  is  aeeded.  It  is  felt  that  an  array  this  long  is  impractical  for  a  variety  of  reasons. 

The  single  wavenumber  reflected  field  obtained  by  transforming  a  finite  aperture  array  of 
reflected  field  data  will  be  least  accurate  at  those  frequencies  corresponding  to  the  modes. 
Assuming  adequate  spatial  sampling  and  a  transmitter-receiver  spacing  of  zero,  the  accuracy  of 
the  single  wavenumber  field  will  depend  strongly  on  the  length  of  the  aperture. 

(J  Th#  Theoretical  Reflection  Coefficient  and  Its  DFT 

We  begin  this  section  with  a  brief  review  of  the  nature  of  the  reflection  coefficient  as  a 
function  of  frequency  for  a  fixed  axial  component  of  wavenumber.  Here,  we  illustrate  the  close 
relationship  between  the  choice  of  a  source  pulse  and  the  choice  of  an  axial  wavenumber. 
Following  this,  we  focus  on  the  issue  of  the  duration  of  the  reflection  coefficient  signal. 
Somewhat  surprisingly,  we  find  that  there  are  two  different  ways  to  define  the  reflection 
coefficient  signal,  each  of  which  leads  to  signals  of  the  same  duration,  but  one  of  which  is  more 
convenient  to  use  than  the  other. 

3.3.1  Th*  Theoretical  Reflection  Coefficient 

In  Figure  6-7  we  show  the  magnitude  of  the  theoretical  reflection  coefficient,  R( u>  \  k:), 
for  the  formation  mode!  considered  above  and  for  the  same  10  values  of  k t.  The  first  signal  in 
Figure  6-7,  however,  is  not  a  reflection  coefficient,  but  is  the  magnitude  of  the  Fourier  transform 
of  the  source  pulse.  The  magnitude  of  the  transform  of  the  source  has  been  included  in  Figure 
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6*7  because  we  anticipate  that  we  wilT  have  difficulty  estimating  the  reflection  coefficient  at  those 
frequencies  where  the  source  energy  is  relatively  low.  7he  reflection  coefficient  at  k,  -  0  is  the 
second  signal  in  Figure  6-7,  and  the  reflection  coefficient  at  fc,  -  1/9, 2/9,  •  •  •  1  follow  in  order. 

The  features  of  a  slice  of  the  reflection  coefficient  at  constant  k,  were  discussed  in  Chapter 
2  and  are  reviewed  here.  Moving  from  left  to  right  across  these  waveforms,  the  first  feature  is  a 
spike  which  corresponds  to  the  excitation  of  a  Stoneley  wave.  The  second  feature  is  the  left  edge 
of  the  "table*  and  occurs  at  a  frequency  equal  to  the  product  of  the  axial  wavenumber  and  the 
fluid  speed.  The  third  feature  is  the  right  edge  of  the  table  and  occurs  at  the  she«r  speed 
multiplied  by  k..  Finally,  the  right  most  peak  occurs  at  the  compresstonal  speed  multiplied  by 
kx.  The  fact  that  the  "table*  is  perfectly  flat,  with  sharp  edges,  indicates  that  there  is  no 
attenuation  in  the  borehole  fluid  and  no  attenuation  in  the  shear  propagation.  The  fact  that  the 
compressional  peak  is  sharp  also  indicates  the  presence  of  elastic  compressional  propagation. 
Finally,  the  high  frequency  asymptotic  value  of  the  magnitude  of  reflection  coefficient  is  given  by 
the  magnitude  of  the  plane  wave  reflection  coefficient  associated  with  a  liquid/solid  interface  at 
normal  incidence. 

The  signals  in  Figure  6-7  lend  insight  into  the  design  of  the  source  pulse.  Specifically,  the 
passband  of  the  pulse  should  be  selected  so  that  it  excites  the  features  of  interest  in  the  reflection 
coefficient  at  the  k.  of  interest.  Viewed  in  reverse,  the  axial  component  of  wavenumber  should 
be  selected  so  that  the  interesting  features  of  the  reflection  coefficient  at  that  kt  fall  within  the 
passband  of  the  source.  Whether  the  source  is  distributed  spatially,  or  is  a  point  in  space,  is  not 
important  in  this  system. 

3.3.2  The  Theoretical  Selection  Coefficient  Signals 

To  this  point,  we  have  defined  the  reflection  coefficient  signal  as  the  Fourier  transform  of 
the  reflection  coefficient.  From  Figure  6-7  we  see  that  the  theoretical  reflection  coefficient  has 
infinite  bandwidth,  which  implies  that  the  numerical  computation  of  samples  of  the  Fourier 
transform  of  the  reflection  coefficient  cannot  be  approximated  in  a  straightforward  manner  with  a 
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discrete  Fourier  transform  (DFT). 

One  procedure  for  numerically  computing  samples  of  the  Fourier  transform  of  the 
reflection  coefficient  is  based  in  part  on  the  OFT  and  in  part  on  analytic  methods.  In  this 
scheme,  the  high  frequency  asymptotic  behavior  of  the  reflection  coefficient  can  be  subtracted 
out,  leaving  a  new  frequency  function  which  approaches  zero  at  large  frequencies.  The  Fourier 
transform  of  this  new  frequency  function  can  then  be  accurately  approximated  using  a  DFT. 
Following  this,  the  Fourier  transform  of  the  asymptotic  behavior  can  be  performed  analytically 
and  samples  of  it  can  be  added  onto  result  of  the  numerical  transform.  In  this  way,  samples  of 
the  Fourier  transform  of  the  reflection  coefficient  can  be  computed. 

Rather  than  define  the  discrete  time  reflection  coefficient  signal  by  samples  of  the 
continuous  Fourier  transform,  suppose  instead  that  we  define  it  as  the  DFT  of  samples  of  the 
continuous  reflection  coefficient  out  to  some  maximum  frequency.  Samples  of  the  reflection 
coefficient  beyond  this  maximum  frequency  are  ignored.  This  definition  represents  a 
simplification  over  the  previous  definition  since  only  a  DFT  of  the  sequence  is  needed  to  recover 
the  samples  of  the  reflection  coefficient  out  to  the  maximum  frequency  chosen. 

The  reflection  coefficient  signals  associated  with  these  two  definitions  will  certainly  be 
different.  However,  wL.  e  we  do  cot  show  it  here,  we  have  found  that  the  duration  of  the  signals 
associated  with  these  two  definitions  is  roughly  the  same.  This  being  the  case,  we  adopt  the 
simpler  DFT  definition  from  now  on. 

In  Figure  6-8  we  show  the  result  of  talcing  the  DFT  of  the  reflection  coefficient  samples  in 
Figure  6-7  out  to  some  maximum  frequency.  In  the  figure,  we  show  only  the  first  1.5  ms  (151 
samples  with  a  10  ps  sampling  period)  of  the  result.  Note  that  these  signals  are  not  zero  prior  to 
l  -  2ahf,  as  one  might  have  thought  on  physical  grounds,  but  they  are  ’approximately  causal’. 
This  is  consistent  with  the  findings  in  Chapter  III  where  we  saw  that  the  decomposition  of  the 
field  into  a  series  of  individual  reflected  arrivals  was  non-physical. 


From  Figure  6-8,  it  would  appear  that  the  reflection  coefficient  signals  are  only,  say,  30 


Axial  Wavaoumbar  in  cm  1  —  Axial  Wavanumbar  in  cm  1  Axial  Wavaatmbaf  in  cm 
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samples  loop  at  small  values  of  k,  <i.e.  300  pt  in  duration)  and  60  samples  long  at  larger  values. 
However,  the  apperent  length  of  these  signals  is  misleading  for  the  following  reason.  Our 
interest  is  in  the  OPT  of  these  sequences  which  we  know  to  have  very  sharp  features  in  the 
frequency  domain.  This  implies  that  its  transform  has  a  long  duration  and  that,  by  using  only  a 
small  number  of  samples,  resolution  will  be  lost  in  the  frequency  domain.  We  conclude  that  the 
seemingly  low  amplitude  long  duration  components  of  the  signals  in  Figure  6-8  are,  in  fret, 
significant. 

In  Figure  6-9  we  show  the  results  of  taking  the  DFT  of  the  first  101  points  (1ms)  of  the 
signals  in  Figure  6-8.  No  window  function  was  applied.  Comparing  Figure  6-9  with  6-7,  we  see 
that  the  Stoneley  feature  is  aot  resolved  but  that  the  other  features  are.  We  have  found  that  the 
use  of  less  that  101  points  results  in  a  significant  loss  in  resolution,  as  does  the  use  of  a  tapered 
window  fraction.  While  longer  refiection  coefficient  sequences  will  produce  improved 
resolution,  we  view  the  result  with  101  points  to  be  adequate,  and  that  larger  values  of  P  produce 
a  small  increase  in  resolution  with  a  large  increase  in  computation  time. 

Cd  Experiment  Design 

In  this  section  we  design  a  set  of  case  studies,  or  experiments,  which  will  structure  the 
testing  and  evaluation  of  the  iterative  ML  dereverberation  method  as  it  applies  to  the  single 
wavenumber  model.  The  hope  is  that,  by  analyzing  the  results  of  the  sequence  of  experiments 
outlined  here,  some  definitive  statements  can  be  made  concerning  the  performance  of  the 
method. 

The  design  of  the  experiments  depends  to  a  large  extent  upon  what  is  of  specific  interest 
to  us.  Of  particular  concern  here  is  the  performance  of  the  method  for  different  choices  of  a 
receiver  array  and  for  different  signal-to-noise  ratios  (SNR's).  Specifically,  if  we  find  that  the 
method  only  works  well  if  the  array  aperture  is  20  feet  long  or  longer,  and/or  if  the  SNR  is 
lOOdB  or  better,  then  the  practical  usefulness  of  this  method  is  doubtfrl.  On  the  other  hand,  if 
the  method  performs  satisfactorily  on  data  from  an  aperture  only  a  few  feet  long  and  at  fairly 


high  ao is*  levels,  thee  the  method  hss  st  leest  a  chance  to  develop  into  •  practical  logging 
method. 

Of  secondary  concern  are  the  issues  of  computation  time  per  iteration,  and,  assuming  that 
the  method  converges,  the  number  of  Iterations  required  to  reach  convergence  and  the 
uniqueness  of  the  estimate.  Also,  there  is  the  issue  of  the  sensitivity  of  the  convergence 
behavior  to  the  initial  guess  for  the  reflection  coefficient  sequence.  Again,  the  hope  is  that  the 
computation  time  per  iteration  will  be  small  and  that  convergence  will  occur  to  the  ‘right  answer* 
in  a  small  number  of  iterations,  independent  of  the  initial  guess  for  the  reflection  coefficient. 

Also  of  secondary  concern  is  the  evaluation  of  the  method  on  a  large  number  of  formation 
models  It  is  felt  that  while  this  is  a  necessary  study  if  the  method  is  to  be  developed  further,  it 
is  not  appropriate  at  this  point. 

Because  we  will  focus  primarily  on  the  issues  of  array  design  and  signal- to-aoise  ratio,  we 
choose  to  hold  all  the  other  parameters  in  this  system  constant  in  each  experiment.  That  is,  in 
each  experiment  we  will  vary  only  one  parameter  at  a  time;  either  the  cboice  of  an  array,  or  the 
noise  leveL  In  this  way,  the  effect  of  one  issue  at  a  time  can  be  isolated  and  understood.  In  the 
next  subsection,  we  present  the  selection  of  the  parameters  which  we  hold  fixed.  Following  this 
we  present  four  array  designs  we  will  consider  and  then  define  the  signal-to-aoise  ratio  so  that  we 
may  quantify  the  study  of  noise  sensitivity.  Finally,  we  explicitly  state  the  sequence  of 
experiments  we  will  carry  out. 

ill  Fixed  Parameters  in  the  Experiment 

We  limit  our  investigation  to  the  formation  model  and  associated  parameters  considered 
previously.  That  is,  the  formation  is  modeled  as  a  perfectly  elastic  solid  medium  with  a 
compressiooal  speed  of  3.5  Km/s  and  a  shear  speed  of  2.0  Km/s.  The  fluid  in  the  borehole  is 
elastic  with  a  speed  of  1.5  Km/s  and  the  ratio  of  the  formation  density  to  the  fluid  density  is 
taken  to  be  2.  Finally,  the  borehole  radius  is  10  cm. 
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In  addition  to  the  borehole  aod  formation  models,  we  will  also  assume  the  use  of  a  point 
source  whose  waveform  Is  given  by  a  T*  derivative  of  a  Blackman  window  which  is  100  ps  in 
duration.  The  signal  which  drives  the  system  is  the  Hilbert  transform  of  this  pulse,  which  will  be 
non-causal.  The  effect  of  the  Hilbert  transformer  is  to  smear  the  actual  source  pulse  into 
negative  time  and  also  beyond  100  jis.  For  this  reason,  we  add  an  artificial  delay,  S,  of  SO  >ts 
into  the  source  pulse.  In  this  way  the  Hilbert  transform  of  the  delayed  source  pulse  is  effectively 
zero  prior  to  /  -  0  and  extends  out  to  roughly  200  ps. 

Given  this  selection  for  a  source  pulse,  we  see  from  Figure  6*7  that  if  we  select 
J 1^  -  4/9  cm'1  then  the  interesting  features  of  the  reflection  coefficient  fall  into  the  passband  of 
the  source  pulse.  In  addition,  we  know  from  Figure  6*3  that  one  and  only  one  mode  will  be 
excited  with  this  choice  so  that  we  can  examine  the  performance  in  the  presence  of  a  mode.  For 
these  reasons,  we  make  this  selection  of  the  axial  wavenumber.  We  note  that  the  axial 
component  of  wavelength  is  given  by  Xf  -  2tr/icr  -  14.14  cm  -  5.57  inches,  or  roughly  half  a 
foot. 


In  addition  to  the  above  restrictions,  we  will  assume  that  the  reflection  coefficient  signal  at 
this  kf  is  roughly  1  ms  in  duration,  or  101  samples  long.  From  Figure  6-9,  we  see  that  the  DFT 
of  the  first  101  points  of  the  reflection  coefficient  signal  possesses  the  essential  features  of  the 
actual  reflection  coefficient.  Finally,  we  will  assume  only  1.5  ms  of  observations,  or  151  time 
samples.  However,  upon  adding  in  the  artificial  5  samples  of  delay,  the  length  of  the  observation 
sequence  is  given  by  N  -  1 56. 

In  Table  6*1,  we  list  the  values  of  the  parameters  which  we  have  fixed  in  the  experiments 
which  follow. 

14J  Four  Array  Deeigna 

Having  selected  the  source  design,  the  formation  model  and  parameters,  the  sequence 
lengths  and  the  axial  component  of  wavenumber,  our  experiments  will  be  centered  around 
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various  choices  for  a  receiver  imy  design.  The  purpose  here  is  to  investigate  the  performance 
of  the  method  from  date  provided  by  limited  aperture  receiver  array. 

We  will  examine  the  performance  of  the  method  for  four  different  choices  of  an  array. 
These  chokes  correspond  to  the  arrays  associated  with  Figures  6*3  through  6-6.  That  is,  the  first 
array  we  consider  is  actually  a  degenerate  choice  in  which  the  array  aperture  is  essentially  infinite 
and  the  inter-receiver  spacing  and  the  transmitter-receiver  spacing  are  effectively  zero.  In  this 
case,  the  signai  in  Figure  6-3  corresponding  to  h,  -  4/9cm'‘  represents  the  ideal  p,{t  |  Jt)  signal 
which  would  be  extracted  from  such  and  array.  We  choose  to  examine  this  idealized  array  so 
that  we  may  assess  the  performance  of  the  method  under  ideal  conditions  and  compare  the 
performance  with  that  of  finite  aperture  c  js. 

The  remaining  three  choices  correspond  to  the  use  of  arrays  with  100,  SO  and  SO  elements 
with  spadngs  of  1",  T  and  1".  For  the  choke  of  axial  wavenumber  here,  these  three  arrays  are 
roughly  16,  16  and  3  axial  wavelength  long  with  6,  3  and  6  spatial  samples  per  axial  wavelength. 
The  transmitter-receiver  spacing  In  each  case  is  taken  to  be  zero. 

In  Table  6-2  we  summarize  the  parameters  of  the  arrays  asociated  with  each  of  the  four 
experiments 

L4J  Signal- to-Noia«  Ratio 

In  order  to  assess  the  performance  of  the  method  in  the  presence  of  noise,  a  meaningAil 
quantitative  study  must  be  designed.  As  a  first  step  in  this  regard,  we  will  corrupt  prU  |  Jc,)  and 
the  Hilbert  transform  of  the  delayed  source  signal  by  adding  artificially  generated  stationary 
zero-mean  white  Gaussian  ooise  samples  to  them.  This  is  the  simplest  possible  choice  of  a  noise 
process  since  it  is  characterized  completely  by  the  standard  deviation  of  the  source  and 
observation  noise  processes.  We  denote  these  as  <r,  and  <r,  respectively. 

Since  the  absolute  aoise  levels,  or ,  and  <r,  are  oot  particularly  meaoiogful,  it  is  customary 
to  compute  a  statistic  which  indicates  the  noise  level  relative  to  the  signal  level;  that  is,  the 
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Table  6*1.  Fixed  Experiment  Parameters 


Parameter 


formation  compressional  speed 
formation  shear  speed 
borehole  fluid  speed 

ratio  of  formation  density  to  fluid  density 
borehole  radius 


source  pulse  duration 
artificial  delay 


axial  component  of  wavenumber 
axial  component  of  wavelength 


sampling  period 

no.  samples  in  reflection  coefficient  signal 
no.  of  observation  samples  (including  delay) 


Variable  Value 


3.5  Km/s 


v,  1.5 

Pi/p  2.0 


2.0  Km/s 
1.5  Km/s 


10  cm. 


100  ps 

50  /is 


.44  cm-1 
—  6  inches 


A  t  10  ps 

P+1  101 

S  156 


Table  6-2.  The  Four  Arrays  Under  Consideration 


Array  No. 


1 


Inter-Rcvr  Spacing 

Aperture 

P,U  I  *.) 

< 

09 

Figure  6-3 

1*  or  6  samples/*. 

8'  3’  or  16  *, 

Figure  6-4 

2*  or  3  samples/*. 

8’  2’  or  16  *, 

Figure  6-5 

I’  or  6  samples/*. 

4'  1*  or  8  *, 

Figure  6-6 
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rignal-to-ocise  ratio  (SKR).  In  this  thesis  we  define  the  signal-to-aoise  ratio  of  the  source  and 
observation  random  processes  as  follows 


(6.2) 


where 
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For  a  particular  choice  of  an  array,  we  will  study  the  performance  of  the  system  for  various 
choices  of  &,  and 

As  an  additional  study,  we  also  examine  the  performance  of  the  method  when  we  do  not 
add  any  artificial  noise  to  either  the  observations  or  the  source  process.  This  allows  us  to  study 
the  performance  under  the  most  favorable  conditions.  An  issue  here  is  how  to  select  appropriate 
values  for  <r,  and  <r,  to  be  osed  in  the  processor.  These  quantities  cannot  be  chosen  equal  to 
zero  since  the  PDFs  become  singular  if  this  is  done.  Therefore,  numbers  for  these  standard 
deviations  will  be  selected  and  used  in  the  iterative  scheme  and  the  signal-to-noise  ratios  in  (6.2) 
can  be  computed.  However,  the  SNRs  computed  this  way  are  not  particularly  meaningful  in  this 
case  since  we  have  not  actually  added  any  artificial  noise  into  the  system. 


6.4.4  The  Sequence  of  Experiment* 

la  Table  6-3,  we  list  the  array  choices  and  SNR’s  associated  with  15  experiments.  This 
table  will  be  useful  in  the  next  section  where  we  refer  to  the  experiment  by  the  entry  number  in 
this  table. 


6.S  Experimental  Results 


In  this  section  we  present  the  results  of  the  15  experiments  defined  in  Table  6-3.  We 
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present  the  results  of  the  first  experiment  in  some  detail  and  then  present  the  rest  with  far  less 
discussion. 

M.1  The  Beeulta  of  Experiment  1 

We  see  from  Table  6-3  that  in  the  first  experiment  we  are  using  the  theoretical  single 
wavenumber  reflected  pressure  field  as  our  observations  and  we  have  perfect  knowledge  of  the 
source  process.  No  artificial  noise  is  added  into  either  the  source  or  the  observations.  The  only 
Issues  here  are  the  selection  of  the  noise  standard  deviations  to  use  in  the  processor,  as  discussed 
earlier,  and  the  issue  of  having  only  a  finite  observation  length  (which  is  fixed  in  all 
experiments). 


a.  The  Reflection  Coefficient  Signal  Estimates 

In  Figure  6-10  we  show  7  waveforms,  each  1ms  in  duration,  corresponding  to  the 
reflection  coefficient  sequence  estimates  associated  with  this  first  experiment.  The  first  waveform 
shown  is  the  first  101  points  of  the  theoretical  reflection  coefficient  signal  (i.e.  from  Figure  6-8). 
The  second  signal  in  Figure  6-10  is  the  initial  guess  of  the  reflection  coefficient  signal.  This 
initial  guess  signal  is  zero  at  all  points  except  at  the  20*  sample,  where  it  equals  0.4.  The  third 
signal  is  the  first  estimate  produced  by  the  iterative  ML  procedure.  The  4*  to  T*  signals  are  the 
results  of  iterations  6,  11,  16  and  21. 

Two  observations  can  immediately  be  made  from  Figure  6-10.  First,  the  procedure  did 
not  converge  after  21  iterations.  Secondly,  after  21  iterations,  the  estimate  appears  to  be  very 
different  from  the  actual  reflection  coefficient  signal  (which  is  the  first  signal).  Thus,  it  would 
appear  that  the  method  is  performing  extremely  poorly,  even  in  the  case  where  we  have  added 
no  noise  into  either  the  source  or  the  observations. 


b.  The  Reflection  Coefficient  Eetiraatee 
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la  Figure  6-11  w«  show  the  DFT's  of  the  signals  in  Figure  6-10.  The  first  signal  in  6-11  is 
the  magnitude  of  the  transform  of  the  source  pulse  and  the  second  signal  in  6-11  is  the 
theoretical  magnitude  of  the  reflection  coefficient  of  the  formation  (i.e.  from  Figure  6-7).  The 
third  signal  in  Figure  6-11  is  the  OFT  of  the  first  101  points  of  the  theoretical  reflection 
coefficient  signal  <i.e.  from  Figure  6-9).  Mathematically,  this  signal  is  given  by  A(m|J^) 
convolved  in  frequency  with  Here  W(m)  has  a  Fourier  transform,  w(t),  which  equals 

unity  from  /  -  0  to  r  -  1  ms  and  is  zero  otherwise.  This  signal  is,  in  some  sense,  the  “best"  we 
can  hope  to  achieve  with  101  point  reflection  coefficient  model.  Finally,  signals  4  through  8  in 
Figure  6-11  correspond  to  the  DFT's  of  the  reflection  coefficient  signal  estimates  from  iterations 
1  through  21  in  steps  of  5. 

We  see  from  Figure  6-11  that  the  estimates  have  roughly  converged  within  the  passband 
of  the  source,  but  that  outside  of  the  passband,  convergence  has  not  occurred.  Furthermore, 
approximate  convergence  within  the  band  resulted  after  only  11  iterations. 

e.  Estimates  of  the  Auxiliary  Signal 

In  Figure  6-12  we  show  the  iterative  estimates  of  the  mean  of  the  auxiliary  signal,  xln]. 
The  first  signal  is  the  actual  xln]  signal  while  the  remaining  signals  are  the  estimates  after 
iterations  1  to  21  in  steps  of  $. 

We  note  from  Figure  6-12  that  convergence  is  roughly  achieved  here  after  only  5 
iterations,  which  is  faster  than  the  convergence  of  the  reflection  coefficients.  This  faster 
convergence  rate  for  the  auxiliary  signal  estimates  is  typical  of  all  the  experimental  results  and 
indicates  that  the  auxiliary  signal  is  not  as  sensitive  to  the  reflection  coefficient  signal  as  we  might 
like.  That  is,  perturbations  in  the  reflection  coefficient  signal  map  into  much  smaller 
perturbations  in  the  auxiliary  signal  estimate.  The  reason  for  this  is  that  the  repeated 
convolution  of  the  reflection  coefficient  with  itself  tends  to  smooth  out  the  late  time  portion  of 
the  observations  and  make  them  relatively  insensitive  to  the  specific  details  of  the  reflection 
coefficient.  Therefore,  changing  the  details  of  the  reflection  coefficient  will  not  change  the  later 
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time  portion  of  the  auxiliary  signal  significantly. 

i  Sensitivity  to  tha  Initial  Gust* 

Through  additional  testing  of  the  iterative  ML  method  not  presented  here,  we  have  found 
that  the  convergence  behavior  is  relatively  insensitive  to  the  initial  guess  for  the  reflection 
coefficient  signal.  Specifically,  any  ‘reasonable’  initial  guess  will  converge  to  the  same 
experimental  result  in  roughly  the  same  number  of  iterations.  This  comment  applies  to  all  the 
experiments  which  follow.  It  should  be  realized,  however,  that  the  noise  levels  we  consider  are 
always  low,  so  that  the  processing  initially  pays  close  attention  to  the  observations  and  quickly 
forgets  about  the  initial  guess. 


m.  Computation  Time  Per  Iteration 

The  computation  time  per  iteration  was  accurately  measured  at  42.1  seconds  in  this  and  all 
the  remaining  experiments.  For  a  given  computer  system,  the  computation  time  depends  most 
strongly  on  the  data  length,  N ,  and  the  reflection  coefficient  length,  P,  which  were  156  and  100 
in  this  instance.  The  leading  order  behavior  of  the  computation  time  is  proportional  to  NP1,  as 
we  saw  in  the  last  chapter.  The  processing  was  done  on  a  VAX  machine  under  a  VMS  operating 
system  and  programmed  in  single  precision  FORTRAN. 


t  A  Comparison  With  Frequency  Domain  Division 

The  reflection  coefficient  at  a  single  wavenumber  is  theoretically  related  to  the  single 
wavenumber  reflected  pressure  field  by  the  relation 


R  («  |  k;) 


P,(*  j/U 

//(«)  S(«)  +  P,(«|fc) 


(6.4) 


where  P,(«|  k.)  is  the  Fourier  transform  of  pr(i\k.).  Motivated  by  the  simplicity  of  this 
formula,  one  might  consider  estimating  the  reflection  coefficient  using  such  a  rule.  In  the 
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absence  of  noise,  and  for  infinitely  long  data  segments,  this  approach  can  be  expected  to  work 
well.  If  noise  is  present  or  if  the  data  segments  are  finite  In  length,  then  we  anticipate  that  this 
approach  will  not  work  well. 

In  Figore  6-13  we  show  the  result  of  transforming  the  first  1.55  ms  of  the  exact  delayed 
prU  |  j^)  and  the  first  200  >is  of  the  delayed  version  of  the  Hilbert  transform  of  the  exact  source 
pulse.  Shown  along  side  is  the  21*  iterative  estimate  from  Figure  6-11.  We  see  that  the  estimate 
obtained  by  direct  frequency  division  is  very  poor  even  though  there  has  been  no  noise  added. 
The  reason  for  the  poor  estimate  is  due  solely  to  the  fact  that  we  have  windowed  the  exact 
observations  and  the  exact  source  signal.  We  conclude  that  since  the  method  performs  so  poorly 
in  a  noise  free  environment,  it  is  unlikely  to  perform  better  in  the  presence  of  noise.  For  this 
reason,  we  do  not  consider  the  direct  frequency  division  estimation  approach  further. 

(.5J  The  Beralts  of  Sxperiments  2  and  3 

Experiments  2  and  3  differ  from  experiment  1  only  in  the  selection  of  the  noise  standard 
deviations.  Again,  ao  noise  is  actually  added  into  the  source  or  the  observations.  In  Figures  6- 
14  and  6-15  we  present  the  reflection  coefficient  estimates  associated  with  experiments  2  and  3. 
The  format  is  the  same  here  as  in  Figure  6-11. 

We  see  that  the  primary  effect  of  increasing  the  noise  variance  is  to  dramatically  reduce 
the  amplitude  of  the  estimates  out  of  the  source  band.  This  behavior  is  argued  as  follows.  In 
experiment  1,  the  estimation  system  was,  in  effect,  "told*  that  there  was  no  noise  present  in  the 
system.  The  estimator  then  attempted  to  use  the  frequencies  which  are  out  of  the  source 
passband  to  lower  the  estimation  error.  The  fact  that  the  out  of  band  error  was  so  large  in 
experiment  1  is  3n  indication  of  the  difficulty  the  system  bad  trying  to  reduce  the  error. 

In  experiments  2  and  3,  the  system  was  constrained  less  tightly.  Here,  there  was  no  point 
in  using  the  frequencies  outside  the  passband  of  the  source  to  reduce  the  error  since  these 
frequencies  have  little  effect  on  the  error  and  since  the  error  could  be  made  small  enough  using 
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tbe  in-band  Frequencies  only. 

0.5.3  Results  of  Experiment*  4-0 

In  experiments  4-0  we  add  white  Gaussian  noise  into  the  source  and  observations.  As  in 
the  previous  experiments,  the  infinite  aperture  array  is  used.  In  Figures  6-16  to  6-18  we  show 
the  estimation  results.  In  each  case  51  iterations  were  performed  and  estimates  1  through  51  in 
steps  of  10  are  shown  in  the  figures.  Convergence  Is  seen  to  take  place  after  only  11  iterations  in 
each  case.  The  performance  of  the  method  in  experiments  4  and  5  are  seen  to  be  acceptable, 
while  the  performance  in  experiment  6  is.  at  best,  marginally  acceptable.  The  source  and 
observation  process  SNR's  in  experiment  6  are  each  just  under  19.  We  consider  this  to  be  the 
noise  level  at  which  the  method  begins  to  perform  poorly. 

18,4  Results  of  Experiment*  7-0 

In  Figures  6-19  to  6-21  we  show  the  results  of  experiments  7  to  9.  These  experiments 
used  a  100  element  array  of  synthetic  data  where  the  inter-receiver  spacing  was  one  inch.  Again, 
this  array  is  roughly  16  axial  wavelengths  long  with  roughly  6  spatial  samples  per  axial 
wavelength.  In  each  case,  as  in  the  last  3  experiments  and  in  all  the  experiments  which  follow, 
51  iterations  are  performed  and  we  present  every  tenth  estimate.  Again,  we  see  that  approximate 
convergence  is  achieved  after  only  11  iterations. 

fa  experiment  7,  we  added  no  artificial  noise  into  the  source  or  the  observations.  The 
purpose  of  this  experiment  was  to  see  what  the  reflection  coefficient  estimate  would  be  like  if  the 
estimation  system  was  told  that  there  was  effectively  no  noise.  The  result  in  Figure  6-19  is 
interesting.  We  see  that  the  reflection  coefficient  is  quite  accurate  everywhere  within  the 
passband  of  the  source,  except  in  the  ’table'  region  of  the  reflection  coefficient.  There  the 
estimate  is  seen  to  be  distorted.  This  behavior  is  due  to  the  fact  that  there  is  a  mode  formed 
from  a  frequency  in  the  table  region  where  the  reflection  coefficient  has  unity  magnitude.  The 
receiver  array  does  not  capture  the  long  range  modal  propagation,  as  discussed  earlier,  so  that  it 
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is  oot  surprising  that  the  estimate  will  not  be  accurate  at  the  frequencies  corresponding  to  the 

modes. 

In  experiments  8  and  9  we  add  noise  into  the  system  and  examine  the  resulting  estimation 
performance.  We  find  that  the  performance  is  acceptable  when  the  signal-to-noise  ratios  are  in 
the  30’s  but  are  only  barely  acceptable  for  SNR's  in  the  high  teens.  Thus,  the  performance 
drops  off  at  roughly  the  same  point  as  in  the  infinite  array  case. 

(.84  Kamltf  of  Experiments  10-12 

The  airay  associated  with  experiments  10-12  is  the  same  as  the  array  in  experiments  7-9, 
only  every  other  receiver  element  has  been  eliminated.  The  inter-receiver  spacing  for  this  set  of 
experiments,  then,  is  2",  while  the  axial  compoaent  of  wavelength  is  roughly  5.6".  Thus  we 
expect  to  see  some  problems  associated  with  the  marginal  sampling  of  the  field.  We  have  not 
sacrificed  the  array  aperture  so  that  any  degradation  in  the  performance  of  this  array  will  be  due 
solely  to  the  spatial  sampling  issue. 

In  Figure  6-22  we  show  the  estimation  performance  in  the  case  where  no  artificial  noise 
was  added.  We  note  that  the  estimates  are  only  slightly  more  distorted  in  the  table  region  than 
they  were  with  the  100  element  array.  This  is  because  the  array  aperture  roughly  the  same  in 
these  two  cases.  However,  the  primary  area  of  degradation  is  in  the  estimate  at  higher 
frequencies.  Here  we  see  that  the  reflection  coefficient  estimate  becomes  poor  even  within  the 
passbaod  of  the  source.  We  attribute  this  to  spatial  aliasing. 

The  cases  where  additive  noise  was  introduced  are  shown  in  Figures  6-23  and  6-24.  Here, 
there  are  no  surprises.  With  a  SNR  in  the  30  dB  range,  the  estimate  is  the  same  as  if  no  noise 
were  added.  However,  when  the  source  and  observation  SNR’s  drop  into  the  teens,  the 
estimates  begin  to  degrade. 
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ill  The  E Malta  of  Ixpwinnta  13-15 

The  array  associated  with  experiments  13-15  has  50  elements  spaced  an  inch  apart  so  that 
the  aperture  is  roughly  half  hat  of  experiments  7-9.  The  results  of  experiments  13*15  are  shown 
in  Figures  6*25  to  6-27. 

We  see  from  Figure  6-25  that  by  cutting  the  aperture  in  half,  a  serious  degradation  in  the 
estimate  results.  The  estimate  in  the  table  region  is  distorted  and  the  compressions!  wave 
feature  is  essentially  lost.  We  conclude  that  with  this  4  foot  aperture,  we  are  not  able  to  estimate 
the  reflection  coefficient  at  those  frequencies  where  it  is  close  to  unity  in  magnitude.  This  is 
because  the  waves  associated  with  the  reflection  coefficients  near  unity  propagate  out  beyoed  the 
array  aperture. 

In  Figures  6-26  and  6-27,  we  show  the  estimation  performance  in  the  presence  of  noise. 
Again,  the  method  performs  as  in  the  previous  experiments  and  begins  to  degrade  at  roughly  the 
same  SNR’s. 

if  Preliminary  Conclusion* 

Rased  on  the  experimental  results  presented  in  the  previous  section,  we  feel  that  it  is  safe 
to  draw  the  following  conclusions. 

<1)  The  iterative  ML  estimation  approach  is  superior  to  a  direct  division  approach  in  the 
frequency  domain  based  on  equation  (6.4). 

(2)  The  iterative  ML  method  canned  estimate  the  reflection  coefficient  at  those  frequencies 

outside  the  passband  of  the  source  pulse. 

(3)  Within  the  passband  of  the  source,  using  an  array  with  a  transmitter-receiver  spacing  of 

zero,  the  performance  of  the  method  depends  strongly  on  the  array  aperture  and  the 
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(0  It  appears  that  at  least  5  spatial  samples  are  needed  per  wavelength  and  that,  if  less  are 
used,  the  estimation  performance  may  be  very  poor  at  some  frequencies. 

(H)  A  long  array  aperture  is  needed  to  estimate  reflection  coefficient  at  those  frequencies 
where  it  is  near  unity  in  magnitude,  or  equivalently,  a  short  aperture  is  able  to  estimate 
the  reflection  coefficient  only  at  those  frequencies  where  the  reflection  coefficient  is  small. 
An  array  Id  wavelengths  long  was  found  to  estimate  the  reflection  coefficient  at  those 
frequencies  where  it  is  near  unity  in  magnitude  significantly  better  than  an  array  which  is  8 
wavelengths  long. 

(iii)  The  reflection  coefficient  cannot  be  reliably  estimated  at  those  frequencies  which 
excite  propagating  modes.  This  is  because  these  modes  propagate  to  distances  much 
longer  than  the  extent  of  any  feasible  array. 

(4)  Independent  of  the  array  aperture  and  the  in  ter*  receiver  spacing,  the  estimates  are  seen  to 

become  marginally  acceptable  when  the  signal-to-noise  ratios  (defined  in  Section  6.4)  is  in 
(he  teens. 

(5)  Independent  of  the  array  aperture,  the  inter-receiver  spacing  and  the  signal-to-noise  ratios, 

the  iterative  ML  method  is  seen  to  converge  in  roughly  10  iterations  or  less.  The 
convergence  behavior  was  found  to  be  insensitive  to  the  initial  guess  of  the  reflection 
coefficient  signal.  The  method  always  converged  to  the  ‘right  answer’  within  the 
passband. 

6.7  Summary 

We  have  demonstrated  that  the  iterative  ML  meth  is  able  to  estimate  the  reflection 
coefficient  at  some  but  not  all  frequencies  from  data  provided  by  a  finite  aperture  receiver  array 
which  has  been  corrupted  with  noise.  The  iterative  method  performs  poorly  at  those  frequencies 
outside  of  the  passband  of  the  source  and  at  those  frequencies  corresponding  to  the  modes.  The 
iterative  method  performs  best  at  those  frequencies  at  which  the  reflection  coefficient  is  relatively 
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snail  in  magnitude.  It  is  felt  that  these  are  fundamental  findings  which  will  be  shared  by  any 
estimation  approach.  It  is  not  possible  to  say  whether  the  iterative  ML  method  performs  better 
or  worse  than  some  other  statistically  based  method  would  in  this  application.  However,  it  is 
safe  to  say  that  the  iterative  ML  method  will  perform  better  than  any  non-statisticaily  based 
method. 

It  is  felt  that,  through  care/Ul  selection  of  the  source  passband  and  the  axial  component  of 
wavenumber,  the  reflection  coefficient  can  be  reiiabiy  estimated  in  a  band  of  frequencies  with  a 
relatively  short  receiver  array.  The  extent  to  which  this  research  is  pursued  in  the  future  will 
depend  primarily  on  the  usefulness  of  such  a  limited  estimate.  The  sensitivity  of  such  a 
reflection  coefficient  estimate  to  the  formation  parameters,  and  in  particular,  to  radial  variation  in 
the  formation,  is  a  subject  for  future  study. 

A  potentially  practical  application  of  tbe  single  wavenumber  system  might  be  the  case 
where  k,  -  0.  With  an  axial  wavelength  of  zero,  only  one  receiver  will,  in  theory,  be  needed. 
This  choice  of  axial  wavenumber  is  analogous  to  normal  incidence  reflection  seismology 
performed  in  a  borehole.  Tbe  frequency  content  of  the  reflected  normal  incidence  pulse  is 
aoalyzed  in  terms  of  tbe  radial  structure  of  the  formation. 
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Vn.  CONTBIBUTIONS  AND  7UTUBE  BESEABCH 

7.1  Tkaiif  Contribution* 

A  general  theme  throughout  this  thesis  involved  looking  at  the  analogous  problem  in  a 
planar  geometry  and  asking  whether  the  same  concepts  which  were  successful  there  can  be 
applied  in  the  cylindrical  case.  This  approach  was  consistently  rewarding.  The  concepts  of  the 
monochromatic  cylindrical  wave  and  the  cylindrical  wave  reflection  coefficient  are  direct  analogs 
of  key  concepts  in  planar  geometries  and  served  as  the  physical  basis  of  this  thesis.  It  is  felt  that 
these  cylindrical  wave  concepts  have  not  enjoyed  the  same  fundamental  role  as  plane  wave 
concepts  do  in  layered  media  applications  and  that  this  thesis  may  help  to  bring  these  ideas  to  the 
forefront  in  borehole  wave  propagation.  In  fact,  the  properties  of  cylindrical  waves  and  of  the 
cylindrical  wave  reflection  coefficient  derived  in  Chapter  m  of  this  thesis  are  of  a  most 
Aindamentai  nature  and  yet  were  not  commonly  known  until  now.  This  is  in  distinct  contrast  to 
plane  waves  and  the  plane  wave  reflection  coefficient  whose  properties  have  been  extensively 
studied  and  are  well  known.  A  major  contribution  of  this  thesis,  then,  is  in  Illustrating  the 
fundamental  importance  of  cylindrical  waves  and  of  the  cylindrical  wave  reflection  coefficient  in 
cylindrical  geometry  applications. 

Besides  the  cylindrical  waves  and  the  cylindrical  wave  reflection  coefficient,  other  concepts 
from  planar  problems  may  be  transferable  to  cylindrical  geometry  problems.  For  example, 
travel-time  inversion  methods  used  in  refraction  seismology  appear  to  apply  directly  to  the 
existing  acoustic  logging  method  and  yet  they  have  not  been  exploited  as  yet.  The  tomographic 
concept  of  reconstructing  an  object  from  a  set  of  its  projections  also  appears  to  be  applicable  in  a 
borehole  refraction  context.  Also,  surface  reflection  seismology  processing  methods  may  find  a 
use  in  processing  short-spaced  acoustic  logging  data.  Here,  the  reflection  coefficient  signal  is 
estimated  directly  and  then  migrated.  Again,  these  ideas  have  not  been  explored  for  a  cylindrical 
geometry  and  are  outlined  in  the  next  section  as  promising  areas  for  future  investigation. 
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The  development  of  fast  methods  for  generating  arrays  of  synthetic  acoustic  logging  data 
(Chapter  IV)  was  a  part  of  this  research  which  has  already  had  a  significant  effect  in  acoustic 
logging  related  research.  Synthetic  data  is  now  used  on  a  daily  basis  to  aid  in  understanding  the 
effects  of  various  formation  parameters  on  the  data,  to  aid  in  the  testing  and  performance 
evaluation  of  new  signal  processing  techniques,  and  may  eventually  lead  to  a  useful  analysis-by- 
synthesis  method  for  inverting  fieid  data.  Prior  to  the  development  of  the  method  in  Chapter  IV 
the  generation  of  synthetic  data  required  an  order  of  magnitude  more  time  which  made  its  use 
on  a  regular  basis  unattractive. 

The  application  of  the  iterative  maximum  likelihood  dereverberation  theory  developed  by 
Musicus  to  a  problem  other  than  pole-2ero  estimation  (Chapter  V)  may  have  far  reaching  effects. 
The  dereverberation  problem  we  apply  the  method  to  here  is  just  one  example  of  a  class  of 
feedback  problems  which  the  method  may  find  application  in.  Reverberation  problems  arise  in 
many  contexts,  and  feedback  problems  in  even  more,  so  that  the  development  of  this  technique 
may  find  use  elsewhere. 

Finally,  this  research  may  eventually  develop  into  a  design  and  processing  method  for  a 
short-spaced  acoustic  logging  tool.  Such  a  tool  would  analyze  energy  reflected  by  the  formation, 
rather  than  refracted  by  it  as  in  the  current  tool,  and  would  offer  the  possibility  of  resolving 
radial  variation  in  the  formation.  The  reflection  coefficient  estimation  goal  of  this  thesis  is  only 
one  approach  to  take  in  this  regard. 

7i  Forture  Research 

We  conclude  this  thesis  by  identifying  several  promising  areas  for  theoretical  research 
relatiog  to  the  acoustic  logging  application.  These  include  research  areas  associated  with  the 
reflection  coefficient  estimation  approach  investigated  in  this  thesis  as  well  as  new  and  different 
areas  of  research  which  came  to  light  in  the  course  of  this  research. 

We  view  the  acoustic  well  logging  problem  as  one  of  multi-dimensional  acoustic  imaging 


from  a  perspective  in  a  borehole.  The  number  of  dimensions  in  the  image  depends  upon  the 
number  of  dimensions  in  the  underlying  formation  model  and  the  image  is  constructed  by 
resolving  a  particular  acoustic  formation  parameter  as  a  function  of  space.  Here,  a  robust 
measurement  principle  is  needed  and  the  fundamental  resolution-versus-stability  issues  arise. 

As  in  Chapter  n,  we  divide  the  research  areas  into  those  based  on  a  refraction  principle 
and  those  based  on  reflection.  Within  the  refraction  approach,  we  suggest  the  imaging  of  the 
velocity  structure  of  the  formation  in  two  dimensions  (radially  as  well  as  axially)  as  a  promising 
area  of  research.  Here,  we  consider  the  application  of  travel-time  inversion  methods  as  well  as 
tomographic  reconstruction  concepts  to  the  20  imaging  problem.  Within  the  reflection-based 
approach,  we  suggest  the  application  of  reflection  seismic  processing  methods  to  short-spacing 
borehole  acoustic  data  and  also  suggest  farther  areas  of  research  relating  to  the  reflection 
coefficient  approach.  Each  of  these  reflection  approaches  involves  a  formation  model  with  only 
radial  variation,  and  therefore,  is  a  one-dimensional  imaging  problem. 

7.3.1  Refraction-Baaed  2D  Velocity  Imaging  (Radial  and  Axial) 

a.  Travel-Time  Inversion 

As  we  saw  in  Chapter  II,  the  travel-time  inversion  methods  which  have  been  developed 
for  planar  geometry  applications  apply  equally  well  to  a  cylindrical  geometry  and  may  lead  to  a 
usefai  2D  velocity  imaging  system.  However,  the  cylindrical  refractioo  problem  differs  from  the 
planar  refraction  problem  in  two  fundamental  ways.  First,  the  formation  in  the  planar  case 
typically  contains  strong  planar  reflectors  parallel  to  the  measurement  plane,  while  in  the 
cylindrical  case,  the  strong  planar  reflectors  are  perpendicular  to  the  measurement  plane,  with  the 
noteable  exception  of  the  mud/formation  interface.  In  addition,  the  diffuse  radial  variation  in 
the  cylindrical  problem  is  unlike  any  variation  of  interest  in  the  planar  problem.  Secondly,  in  the 
borehole  problem,  we  continually  shift  the  instrumentation  within  the  hole  to  obtain  travel-time 
information  from  depth  z,  to  depth  z2,  denoted  rfij.ij).  It  is  not  unreasonable,  then,  to  assume 


that  we  have  a  measurement  of  an  array  of  first  arrival  times,  and  to  consider  the 

inversion  of  this  information  to  extract  v(r,i).  This  is  unlike  surface  refraction  experiments 
where  the  source  movement  is  relatively  limited. 

The  brief  analysis  of  travel-time  inversion  in  Chapter  n  was  enough  to  produce  some 
significant  benefits.  The  analysis  there  put  the  existing  togging  method  in  perspective  as  a 
restricted  travel-time  inversion  technique.  It  indicated  how  the  correlation  between  successive 
local  experiments  might  be  used  to  enhance  axial  resolution  without  sacrificing  stability,  and  how 
a  formation  model  more  realistic  than  the  homogeneous  model  which  is  currently  assumed  might 
be  incorporated  into  the  processing  method.  Prior  to  this  analysis,  it  was  not  clear  how  to 
incorporate  shot-to-shot  correlation  into  the  processing,  nor  was  it  dear  how  to  treat  more 
complicated  formation  models. 

h.  Tomograph  ie  Reconstruction 

Also  under  the  domain  of  reflection-based  methods  is  the  inverse  scattering  theory,  or 
tomographic  approach,  outlined  in  Chapter  EL  In  this  approach,  the  medium  is  reconstructed 
from  a  set  of  projections.  Here,  arrival  time  information  is  viewed  as  an  integral  of  the 
formation  slowness  (i.e.  inverse  velocity)  along  the  unknown  ray  path.  Given  a  collection  of 
such  projections,  the  problem,  then,  is  to  reconstruct  the  slowness  structure. 

This  application  for  tomographic  concepts  differs  from  previous  applications  in  some 
significant  ways.  First,  the  refraction  geometry  is  different.  In  typical  tomography  arrangements, 
such  as  x-ray  tomography,  the  instrumentation  can  be  placed  on  either  side  of  the  object  to  be 
Imaged  and  moved  around  as  desired.  In  this  application,  both  the  source  and  receivers  are  on 
the  same  ‘side*  of  the  object,  but  can  be  moved  independently  within  the  measurement  plane. 
Secondly,  the  ray  path  is  unknown.  This  is  viewed  as  a  serious  but  challenging  complication. 

7*2.2  Reflection-Baaed  ID  Imaging  (Radial  Only) 
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m.  Biflietion  Sclmie  Method* 

The  method  used  in  planar  layered  media  applications  for  analyzing  reflection  data  may 
prove  useful  in  the  cylindrical  geometry  application.  This  method  consists  of  a  stacking 
operation,  followed  by  predictive  deconvolution,  followed  by  a  migration  step.  Both  the  stacking 
and  predictive  deconvolution  steps  attempt  to  enhance  primary  reflections  off  of  subsurface 
reflectors  relative  to  the  multiple  reflections  and  noise.  This  is  analogous  to  estimating  the 
reflection  coefficient  signal  discussed  in  this  thesis.  The  migration  step  then  maps  the  offset- 
versus-time  domain  into  an  offset- versus-depth  image  and  is  analogous  to  inverting  the 
transform  of  the  reflection  coefficient  to  obtain  a  radial  image  of  the  formation  structure. 

The  application  of  this  processing  approach  to  the  borehole  geometry  is  a  possible 
direction  for  future  research.  The  first  step  here  would  be  to  invert  data  associated  with  a 
formation  which  has  strong  radial  reflectors.  For  this  case,  some  degree  of  success  in  expected. 
Following  this,  the  reflectors  can  be  made  progressively  weaker. 

h.  The  Reflection  Coefficient  Approach 

Within  the  reflection  coefficient  based  approach,  there  are  variety  of  areas  to  pursue. 
First,  there  is  the  treatment  of  the  direct  arrival  issue.  In  this  thesis,  we  treated  the  estimation 
of  the  reflection  coefficient  from  the  reflected  component  of  the  total  field  only.  The  actual 
problem  of  interest  is  to  estimate  the  reflection  coefficient  from  the  total  measured  field  directly. 

Another  important  area  of  research  is  the  inversion  of  the  reflection  coefficient  to  recover 
the  radial  velocity  structure  of  the  formation.  This  is  analogous  to  the  Gei’fand  Levitan  inverse 
scattering  method  for  inverting  the  plane  wave  reflection  coefficient  at  normal  incidence,  or  to 
Claerbout's  discrete  formulation,  etc.  Again,  the  Arst  step  here  is  to  study  a  simple  formation 
model. 

Aside  from  the  single  wavenumber  model,  the  next  choice  for  a  signal  processing  model 
should  be  the  monochromatic  model.  Here,  the  situation  is  more  complicated  because  the 
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reflectioo  coefficient  signal  in  this  case  is  complex-valued  and  even.  When  the  iterative  ML 
theory  is  applied  to  this  formulation,  the  I-B  matrix  no  longer  has  a  unity  determinant.  Instead, 
this  matrix  takes  on  a  symmetric  Toeplitz  form  whose  determinant  can  be  readily  computed  in  a 
recursive  fashion,  but  is  a  nonlinear  function  of  the  parameters.  This  means  that  the  estimation 
problem  is  no  longer  linear  and  that  the  method  is  not  nearly  as  elegant  when  applied  to  this 


Ar  ither  area  of  research  involves  the  extension  of  the  processing  Into  two  dimensions  by 
treating  the  2D  model  outlined  in  Chapter  V.  The  2D  formulation  has  not  been  explored  and  it 
is  not  clear  whether  the  iterative  ML  theory  will  extend  nicely  into  two  dimensions. 

The  results  generated  in  Chapter  VI  for  the  single  wavenumber  system  are  of  a 
preliminary  nature.  Further  testing  of  this  approach  for  different  values  of  axial  wavenumber, 
different  formation  models,  different  source  pulses,  etc.  will  produce  more  conclusive  results 
concerning  behavior  of  this  estimation  approach.  Specifically,  the  equivalent  of  normal  incidence 
reflection  seismology  (i.e.  k.  -  0)  should  be  explored. 

Finally,  other  areas  which  are  not  well  understood  include  the  following.  In  cylindrical 
geometry  problems,  Hilbert  transform  relations  tend  to  appear  regularly  and  are  of  curious 
concern  both  from  a  physical  standpoint  as  weil  as  from  a  signal  processing  point  of  view.  For 
example,  'he  signal  which  drives  the  single  wavenumber  system  is,  somewhat  surprisingly,  the 
Hilbert  transform  of  the  source  pulse.  As  another  example,  the  cylindrical  wave  reflection 
coefficient  approaches  the  Hilbert  transform  of  the  plane  wave  reflection  coefficient  as  the 
borehole  becomes  large  relative  to  a  wavelength.  More  generally,  it  can  be  said  that  the 
differences  between  the  properties  of  plane  waves  and  cylindrical  waves,  and  between  the 
properties  of  the  plane  wave  reflection  coefficient  and  the  cylindrical  wave  reflection  coefficient 
are  not  well  understood.  Here,  there  ar*.  issues  of  causality,  real-vaiuedness,  conservation  of 
energy  implications,  impedance  implications,  etc.  It  is  felt  that  the  similarities  and  differences 
are  of  fundamental  interest  and  importance  and  should  be  explored  further. 
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7X3  Other  Atmi 

The  research  directions  outlined  in  this  chapter  represents  only  a  small  fraction  of  the 
spectrum  of  possible  directions.  Others  include  the  estimation  of  acoustic  attenuation,  acoustic 
fracture  detection  methods,  mechanical  strength  estimation,  etc.  Also,  new  dimensions  to 
acoustic  logging  can  be  introduced  by  moving  the  source  off  the  borehole  axis.  Here,  the  axi- 
symmetric  symmetry  is  destroyed  and  azimuthal  variation  in  the  formation  can  be  examined. 
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